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Figure 1: State space model of a LTI system.

1 State Space Models

1.1 Introduction

In modern control theory a state of a dynamic system is the
smallest set of variables (called state variables) such that the
knowledge of these variables at t = ty, together with the
knowledge of the input for ¢ > ¢y, completely determines the
behavior of the system for any time ¢t > t,.

1.2 State Space Equations

The state space equations are, in their most general form, a
set of first order differential equations and a set of outputs:

x = f(x,u,t)

y = g(x) u) t)'
This can describe any system because higher order differential
equations can (practically) always be rewritten as a set of first

order differential equations. In the case where the system is
linear they can be rewritten using linear algebra:

x(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

where A € R"*" B € R**™ C € RP*" D € RP*™ (see
figure 1). In general in a time varying system all four matrices
are actually functions of time (A = A(t),...). Whereas for
linear time invariant (LTI) systems they are constants.

1.3 Linearization of non LTI systems

In general dynamics are not LTI systems, however it is possi-

ble to create linear approximation of complex dynamics around

a set point (xg,up), if it is also a fixed point (that means
f(x0,u9) = 0 and g(xp,ug) = yo), by computing the four
Jacobian matrices:

of of
A = &(X())u())a B = %(X(huo)a
0
C= £(XO,UO), D= %(X(),llo).

Then the differences Ax = x — X9, Au =u — ug are used in g, ..

the model:

Ax(t) = AAx + BAu,
Ay(t) = CAx + DAu.

1.4 Time-Domain Solutions
1.4.1 Homogeneous Case
To solve for the solution of the system at rest (no inputs)
x = Ax,
we assume that the solution is a power series in ¢, or
x(t) =bg + byt +bot? + - 4 byt ...
Substituting into the differential equation yields a solution

1

_ 1 2,2
x(t) = (I+At+2!At +o b o

ARt +) x(0),

Matrix exponential eAt

which looks like the power series for the exponential function.
Thus we define it to be the matriz exponential and write the

solution as
x(t) = eA'x(0).

The matrix exponential has the property that
eA(t+s) — 6At€As,
and in particular when s = —¢ then the expression equals the

identity matrix. Thus the inverse of eA! is eA! and always
exists. It is important to note that

c(A+B)t 4 At Bt
unless we are in the very special case when AB = BA.

1.4.2 Transition Matrix

The result of the exponential matrix is of such relevance that
it has a special name. The expression

B(t) = At

is called the transition matriz, since it describes how the ini-
tial conditions change. The transition matrix has some im-
portant algebraic properties which are listed below:

®0)=er0=1

(1) = (eA) T = B(—1),
B(t)" = (A" = ®(nt),
Bty +to) = eANF) = B(11)B(to) = B(t2)B(t1),
D(ty —11)P(ty —to) = ®(t2 — to)

$(t) = AD(1).

—~
(e

)

A noteworthy result from the last property is that
A=d1)® (t) = ®(t)P(—1).

Finally, in the case when A is a diagonal matrix with entries
., Ap then



Figure 2: Interpretation of the A and ® matrices.

1.4.3 Nonhomogeneous Case
To expand the previous result, in the more general case when
%X = Ax + Bu,

a few steps that are the same as in the scalar case yield the
solution

x(t) = ®(t)x(0) +/0 ®(t — 7)Bu(r)dr.

1.5 Laplace s-Domain Solution
1.5.1 Transfer Matrix

By taking the Laplace transform the state space equations of
an LTT system they become:

sX(s) —x(0) = AX(s) + BU(s),
Y(s) = CX(s) + DU(s).

Similarly to the one dimensional case it is now possible to
define the more general equivalent of a transfer function:

G(s)=C(sI—A) 'B+D,

which is the transfer matriz.

1.5.2 Impulse Response

The inverse Laplace transform of the transfer matrix is the
impulse response. However, setting u(t) = (¢) will also give
the impulse response. By taking the result in section 1.4.3
and substituting into the output equation, we get that with
a Dirac delta as input

g(t) = C®(t)B + D4(t).

1.6 Controllability

A system is said to be controllable at time ty if it is possible
my means of an unconstrained control vector to transfer the
system from any initial state x(tg) to any other state in a
finite interval of time. To check if a system is completely
controllable there is the n x nm controllability matriz

Q, = [B AB A”—lB] .

If rank Q. < n (has less than n linearly independent rows),
or in the case when Q. is a square matrix det Q. = 0, then
the system is not totally state controllable.

It is also possible to determine the controllability from the
transfer function (or matrix) of a system. It can be shown
that if cancellation occurs (German: Polkiirzung), then the
system cannot be controlled in the direction of the canceled
mode.

1.7 Observability

In the same (too) abstract spirit as in the controllability: a
system is said to be observable at time t, if, with the system
in state x(to), it is possible to determine this state from the
observation of the output over a finite time interval. The ob-
servability can be determined through the np xn observability
matriz

C

CA
Q=| . |=

CATL—l

[C* AFC* (A" —1cr],

where the asterisk is the conjugate transpose (for real matri-
ces A* = AT). The system is observable only if rank Q > n
(there are at least n linearly independent rows).

In terms of the transfer function: if cancellation occurs
in the transfer function then the canceled mode cannot be
observed for the output. In other words, no cancellation is a
necessary and sufficient condition for total observability.

1.8 Stability

A state space model system is stable is the A matrix is posi-
tive definite, which means that the real part of all eigenvalues

1.9 Equivalent Representations

In this section we assume without loss of generality that the
system has a transfer function

bn_lsn_l + bn_gsn_z + -+ bis+ by
S+ ap_ 18" 4 tastag

1.9.1 Controllable Canonical Form

This form (German: Regelungsnormalform) is important in
discussing the pole-placement approach. It is given by

T1 0 1 0 ... 0 T 0
Ta 0 0 1 ... 0 To 0

N B : : : : + u
Tp_1 0 0 0 - 1 Tp_1 0
Tp —ag —ap —as —Qp_1 Ty 1

And the output is y = |bg bn_1| X + du.

1.9.2 Observable Canonical Form

This mode is similar to previous form, in fact, the A matrix
is the transposed version of the controllable form:

T [0 0 0 —an T bo
1‘2 1 0 0 —0np—-1 X9 bl
Sl = + u
Tp—1 010 —an Tp—1 bn—2
L Tn L0 —a1 1 L Tn | [br—1]




1.9.3 Diagonal Form (Decoupling)

An important form is when the A matrix is diagonalized, i.e.

1 A 1
T A2 T
= + Bu
in—l )\n—l Tn—1

In this representation the state variables are the eigenstates
of the system, and they are decoupled from each other. Since
the diagonal contains the eigenvalues, as noted in the stability
section 1.8, they describe the poles of the transfer function
G(s), and therefore the stability of the system. In other words

Y(s)
U(s)

bl C1 bncn

57/\1

boc
22

S*)\Q ) S*)\n_l.

1.10 Similarity Transform

In the previous section there were many representation that
are practical to use, but in fact there is nothing special about
them. In fact, the state space can be transformed into an
infinite number of other equivalent representations.

Given an arbitrary regular matrix P, the state space in x
can be brought into a new set of state variables x’ := Px by
appropriately transforming the matrices as follows:

A’ :=PAP!,
C .=Ccp!,

B’ :=PB,
D' :=D.

1.11 Subsystem Aggregation

Series When after a subsystem 1 a subsystem 2 is con-
nected in series the model of the entire path is

).(1 o Al 0 X1 B1 u
5(2 N BQCl AQ X9 B2D1 ’
X1
y= [DQCl Cz] +D,;D;u.
X2

Parallel When a subsystem 1 and a subsystem 2 are con-
nected in parallel, the model of the entire system is
X A B
xi| _ A1 0] Ix 4B,
5(2 0 AQ X2 B2
X1
y= {Cl CQ:| + (D2 + Dl)u.
X2

Feedback When to a subsystem 1 a subsystem 2 is con-
nected in the negative feedback path, the matrices of the en-
tire system are

A A, - B:K;D:C, -B1K;Cy
’ B.K,C; Ay, —B.KyD Gy’
B, K
B = | % e [chl —Kchz}
ByK,D;

r_+,o_c‘>_>| 5 |_>£§_>M_6_>4<L_,y
— u

=

—0
s

Figure 3: Pole placement through the gain matrix K.

and D' = K>;Dq, where K; = (I — DQDl)_l and Ky =
(I - D;D3)~ L. In the case of a positive feedback the minus
signs become pluses.

1.12 Create a State Space Model from a Trans-

fer Function

[TODO: Ogata and skript p.
on p. 171.]

169, also from a diagram

2 Control in State Space

2.1 Pole Placement
2.1.1 Gain Matrix

Consider the state space model

x(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

and assume that we can somehow always know the state x.
Then we add a feedback loop from the state to the input with
the gain matriz K (see figure 3). This introduces a new term
for the desired value r and changes the state space equation
to

x = (A —BK)x + Br.

The addition of K allow to change the eigenvalues of the sys-
tem matrix and thus move the poles. Therefore, the poles
of the new matrix A := A — BK are called the regulator
poles. To allow an arbitrary placement of poles the system
needs to be completely controllable. Without any additional
construction, the gain matrix is basically a proportional con-
troller (German: P-Regler).

2.1.2 Solve for the Gain Matrix

Now, if we wish to bring the poles of the closed loop system
to the locations pq, po, ..., tin, in the most general case we
can use the fact that

det (sI — A) = det (sI — A + BK)

=(s—p1)(s —p2) -+ (s — pin)
=s"+ A1Sp—1+ -+ Qp—15 + an,

and solve for the entries of K by comparing coefficients.



If the state space representation is in the diagonal form
(decoupled, eigenmodes), then finding K is as simple as solv-
ing for the entries of K:

[in

Sometimes it is possible to do K = B™'(A — M), but more
often the system is overdetermined and we are free to choose
some entries of K (which is even easier).

If the state space representation is in the controllable
canonical form, and

K:[kl ks ..k

since A= A — BK =

0 1 0 0

0 0 1 0

0 0 0 .. 1
—Qn — kl —Qnp—-1 — k2 —Q0n—-2 — k3 —a1 — kn

which means that

bn_lsn_l + -+ bis+ by
"+ (an_1 + kn)s" L4+ (ap + k1)’

G(s) =

the poles are found by comparing the coefficients of the de-
nominator:

8" 4 (an_1 + kp)s" L+ 4 (ag + k1)
= (s —p1)(s —p2) - (5= pn).

2.2 Linear Quadratic Regulator (LQR)

A problem of the pole placement approach is that it is not
always obvious which poles should be moved and where. The
linear quadratic regulator (LQR) also called quadratic optimal
requlator solves this problem.

In the LQR design we define a performance index to min-
imize:

J :/ (x*Qx + u*Ru) dt,
0

where Q and R are positive definite (or semidefinite) Hermi-
tian or real symmetric matrices. The Q matrix determines
the importance of the relative error, whereas the R matrix
determines the cost (in energy) of modifying the state. Since
in the pole placement u = —Kx the problem becomes

argmin/ x* (Q + K'RK) x dt.
K 0

Then, the expression can be further developed by using the
fact that
x(t) = A BRx(0),

which when substituted into the previous expression gives

x(0)* /0 [e“**BK”} " (Q + K'RK) eA~BR gt x(0).

S(K)

System
b'S x
—0— —0—| C

L
B

Full State Observer

——| B —0—>Vy

+)

[ J—o—0-[ -0 < |20
Loy
[ ]

Figure 4:  Full state observer to estimate x for the pole
placement matrix K.

The minimization problem is completed by computing

aJ . 0
ok, ~ X VR, *

minimize J <= 0=

(0)-

It is possible to show that the resulting optimal gain matrix
is K = R™!B*S. The LQR optimization problem can also be
described in terms of the output

J 2/ (y*Vy + u*Ru) dt,
0

and in a state space model A, B, C with D = 0 can be rewrit-
ten using x as follows: y*Vy = x*C*VCx.

2.3 PI-Control

[TODO: Skript p. 200.]

2.4 Observer

Sometimes it is not possible to know some states of x of a
plant (system is not totally observable). The idea of the 0b-
server is to create a new controller to estimate the state of
the unknown variables from the output of the plant. [TODO:
Skript p. 203.]

3 Discrete-Time Modelling

3.1 Sampling

In discrete time the system works with sampled signals. The
sampling time T must be chosen such that the sampling the-
orem (Nyquist Shannon) is satisfied, i.e.

2w
s:7>2r>
w T 2 w

where w, is the is the highest frequency component in the
reference signal r(¢).

In practice sampling means using an analog to digital
converter (ADC), but mathematically the sampling is done
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Figure 5: Direct vs indirect design. Ge;(z) # Ge,a(2).

through a multiplication with a Dirac comb ), 6(t — kT).
The converse operation, which is done with a digital to ana-
log converter (DAC), is represented in many ways depending
on the type of reconstruction. The simplest reconstruction
is the zero order hold (ZOH) reconstruction, which keeps the
signal fixed at the value of the last digital sample until the
new one comes.

3.1.1 Choosing T Empirically
[TODO: See skript p. 220.]

3.2 Indirect Design

In the indirect design we create a controller in the continuous
time domain and then discretize it (see figure 5). This is okay
as long as the sampling theorem is satisfied.

Thus, given a plant with transfer function G,(s) we create
a continuous time controller G.(s). Then to discretize it we
can choose how to approximate the integrator element from
one of the following 3 options:

-1

s = ZT z=1+sT (Euler),
z—1 1

5=~ =17 (Forward),
2z-1 2+ sT

= — = Tustin).

§ Tz41 T o 4T (Tustin)

The last one (Tustin) is the most popular. To obtain the
discretized controller transfer function G.(z) we substitute s
with the chosen approximation (for example Tustin):

_22z2-1
T Tz41)°
3.3 ZOH Discretization (Direct Design)

3.3.1 Discretization of a Transfer Function

Ge(z) = G. (s

In the direct design the plant’s continuous time model G)(s)
is discretized. If we assume that the DAC is a ZOH, when
the input is a discrete Dirac impulse in continuous time it
becomes a rectangle of length T":

1— efsT

u(t) = e(t) — e(t — T) ~ U(s) -

Then we compute the output of the system to this input in
continuous time U(s)G,(s), inverse Laplace transform it, and
then sample it in the time domain. By taking the z transform
of the result we obtain a discretized transfer function

Gp(z) = (1+21)Z{<£1 {Gi"”)}) ) }

ZOH discretizations for a few common type of plants are listed
in table 1.

Plant G,(s) ZOH G,(z) Plant G,(s) ZOH G,(2)
i Kz 1

z—1 s z—1
1 T z+1 K 1—e T/7
s2 2 (z—1)2 sT+1 z—el/t

Table 1: ZOH discretization of a few plant types.

3.3.2 Discretization of a State Space Model

[TODO: Stuff from skript p. 250.]
3.3.3 Root Locus Method
[TODO: Stuff from skript p. 254.]

3.3.4 Pole Placement Design

Another way to design a controller is to simply state that
the closed Gy(z) has to have the poles at some determined
locations. Then since in a closed feedback loop with a plant
Gp(z) and a controller G¢(z):

_ GC(Z)GP(Z)
Cr = TG, G6. )
by solving for G.(z):

1 Gy(2)
Gp(2) 1= Gy(2)

G.(2) =

3.4 Discrete State Space

The discrete state space model equations are

x(k+1) = Ax(k) + Bu(k),
¥(E) = Cx(k) + Du(k),

and similarly to the Laplace domain solution there is a trans-
fer matriz in the z-domain:

G(2)=C(:I-A)"'B+D.

Like in continuous time the eigenvalues of the A matrix
are the poles of the transfer function G(z), and thus determine
the stability of the system. The observability and controlla-
bility can be checked with the same matrices as in continuous
time: Q,, Q. respectively. Because the system is a difference



equation (instead of differential equation) future states can
be computed recursively:

x(z) = Ax(n—1)+Bu(n — 1)

=A"x(0)+ Y A*Bu(n—1-k).
k

3.5 Deadbeat Controller Design

[TODO: Stuff from skript p. 256.]

A Linear Algebra

A.1 Determinant

The determinant is a measure of how the unit square (n = 2),
cube (n = 3) or hypercube (n > 3) is scaled by the linear
transformation. The determinant of a 2 x 2 matrix is com-
puted using the “fish rule”:

det [a

c

By hand, for a 3x 3 matrix, Sarrus’ rule is probably the fastest
method:

b} =ad — be.
d

a b c a b e a b
det [d e f|~ |9 € F @ ,
g h i g h % g h

A

the red lines are added, while the blue ones are subtracted:

det A = aei +bfg+ cdh — ceg — afh — bdi.

A.2 Inverse Matrix

The inverse of a 2 X 2 matrix is

-1
a b 1 [d -»b
c d Cad—bc |—c al|’

I remember it as “transposed on the wrong diagonal and add
minuses (and divide by the determinant)”. For bigger matri-
ces, there are the method of Gaussian elimination:

[A|I}%[I|A’l],

or Cramers’ rule A~! = adj A/ det A.

A.3 Eigenvalues and Eigenvectors

The eigenvalue problem is to find the vectors that are unaf-
fected by a matrix A (up to a scalar factor):

Av=)v <= (A-A)v=0.

There are n numbers A, the eigenvalues, and equally many
eigenvectors v. This problem is solved by first finding the \’s
and then later the eigenvectors.

In the right expression, we need a matrix A — Al to move
any vector to the origin, this is accomplished by forcing

det(A — AI) = 0,

and solving for the A’s. Then to find the eigenvectors we put
back each eigenvalue )\; into the original equation to obtain a
system of equations

This system of equations is solved for the components of v;,
and it is overdetermined. This is because there are infinitely
many eigenvectors each eigenspace of A.
For a 2 x 2 matrix the eigenvalue problem is a parabola,
so there is a shortcut:
1

m = §tI'A,

then A\ o = m =+ /m2 —p.

A.4 Diagonalization

p=det A,

If a n x n matrix A has n distinct eigenvectors (linearly
independent), it is diagonalizable. To diagonalize A, first
we compute the eigenvalues Aq,..., A, and the eigenvectors
Vi,...,Vp, then a matrix is formed by using the eigenvectors
as columns:

w).

This matrix is then used for a change of bases into the eigen-
basis of A, where it is a diagonal matrix:

T = |:V1 Vo

A1
A=TAT '=

A.5 DPositive Definite

A Hermitian complex (or real symmetric) matrix A is said
to be positive definite if the quadratic form x*Ax > 0 for all
x # 0. If x*Ax < 0 then it is semi-definite. If the quadratic
form is smaller than 0 it is negative definite or (semi-definite).
Matrix definiteness can be controlled by using the eigenvalues
\; because:

e if all A\; > 0, then the matrix is positive definite,
e if all A\; > 0 the matrix is positive semi-definite.

And the converse for negative definiteness. Further, defi-
niteness can be checked using the determinants of the sub-
matrices A ) as follows: given a matrix

a b c
A:def7
g h i

V

If det A[ll,ll] >0 (red), det A[11722] >0 (orange), det A[11733]
0 (yellow), etc. the matrix is positive definite.



The quadratic form x*Qx for x € C?*! a, b, q as complex
numbers is

a
x [ Z] x = alz|? + q(x}@s + 2125) + blza[?.
q

Q

If working only with real numbers:
n2
x'Qx = axf + 2qriT0 + bajg = Z Qij vix;.
iy

A.6 Jordan Normal Form
A.7 Caley-Hamilton Theorem
A.8 Useful Matrices and Products

Column Row Product For two complex numbers a and

a . la|?>  ab*
~ XX = .
b atb b2

Rotation Matrices

In 2 dimensions:

cosf) —sinf

R() = [ ] ., R(-0)=R(O".

sinf)  cos®

Rotation matrices belong to the special orthogonal group,
therefore RRT =1 <= R™'=R' and detR = 1.

B Vector Analysis

B.1 Gradient Vector

The gradient of a function f(x),x € R™ is a column vector
containing the partial derivatives in each direction.

VI =3 S0 = (0,500 - D, 00)

The gradient vector always points towards the direction of
steepest ascent, and thus is always perpendicular to contour
lines.

B.2 Jacobian Matrix
The Jacobian J; (sometimes written as %) of a function
f:R™ — R"™ is a matrix € R"™*™ whose entry at the i-th row

and j-th column is given by (J¢); j = Ox, fi, s0
azl fl arm fl

Jf = E T . . =
a;m fn 831'771 fn

(V)T

(Vf"L)T

C Laplace Transform

The Laplace transform of a function f and its inverse trans-
form are

P =)= [ sme
F#) = £ F(s) = —— Tim yﬁwT F(s) e ds.
271 T—o0 N—iT
The Laplace transform converts integration and differentia-

tion problems into algebraic problems. Some important prop-
erties and transform pairs are listed in table 2.

D

D.1 Definition

z-Transform

The z-transform of a sequence (f,,) and its inverse transform
(sometime written as Z, Z~!) are defined to be

1

= F(2)2""1d
omi PR dz

Fz)=) fiz™" fa
k=0

where z is a complex number and C'is a counterclockwise path
encircling the origin and entirely in the region of convergence.

D.2 Relation to the Laplace Transform

The z-transform is related to the Laplace transform, when a
sequence is generated by sampling a function. In other words
with a sampling time T" we can construct a continuous time

function
F6) =" fud(t = kT)
k

of which is then possible to take the Laplace transform re-
sulting in

L {ané(t - k:T)} = i fre*Ts = i froz 7k,
k k=0 k=0

T was made.

can interpreted as adding

where in the last step the substitution z = e°
1

Therefore the multiplication by z~
a delay of T.

E 1Idiot’s section




Property Time Domain s-Domain Function Laplace Tr.

Linearity Z a; fi(t) Z a; F;(s) o(t) 1

1
Time shift (- >0) f(t—1) e *TF(s) e(t) -
s
) " n n!
Damping e f(t) 11?(5 —a) t )

. s s
Stretchlng (a > O) f(at) gF (g) COb(wt) m
Differentiation () s"F(s) — s"TLF(0F) — ... — f(=D(0F) sin(wt) ﬁﬁ

t
1
Integration / f@)dt EF(S)
0

Table 2: Useful Laplace transform rules and pairs. All functions are assumed to be causal (multiplied with &(t)).

Property Time Domain z-Domain Sequence z-Tr.

Linearity Z a; fr(k) Z a;Fi(z) o(k) 1

Forward time shift f(k+n) 2"F(z) —2"f(0) —- - — zf(n—1) e(k) . i T

Backwards time shift  f(k —n) 2 "F(2) k (2 _21)2
k

Convolution fixfa= Z f1(k) fa(k =) Fi(2)Fa(2) a” z i a

1=0

Table 3: Useful rules and transform pairs of the z-transform. All sequences can be converted into time-domain functions
by using a Dirac comb. Some are easier for example k ~~ kT

A few useful trigonometric identities: tions:
cos®(x) +sin®(x) =1 cosh®(z) — sinh?(z) = 1 (af) =af’ (u(v)) =/ (v)v
;L , u\'  u'v—u
cos(a+27m) = cos(a) sin(a+27) = sin(«a) (uv)" = u'v +uv (5) T2
_ — _ _ / ’
cos(—a) = cos(a) sin(—a) = —sin(«) (Z m) _ Zu; (Inu) = &
cos(m — ) = —cos(a) sin(mr—a) = sin(a) )
cos(% — a) sin(a)  sin(% — «) cos(a) (fY =
2 2 f(f~H(x))
cos(a¢+ fB) = cosacosf — sinasinf
sin(e+ ) = sinacosf — cosasin 8
Some useful derivatives and integrals:

cos(2ar) = cos?a —sin’a

= 1-2sin’a f f! f f!

= 2cos?a—1 n n—1 x “5

in(2a) 2sin a cos « v o ¢ o Ina
sin =
0 1 ( n y/ n—l) 1 1
tan(2a) = (2tana)(1+tan?a)? Ve [\#" Ve ne /@
Th . o h losed £ ¢ a . sin x cos T cosT —sinz
e geometric series has a closed form formula for |¢| < 1: fom 1/ cos? tanz  —1/sin’z
i . 1 arcsinz  1/v1 — a2 arccosz  —1/v/1—a?
T =1y t 1/ (1 + a2
— 1—¢q arctan x / (1+ %)
sinh coshx tanh 1/ cosh? z

Rules for differentiation. f,u,v are differentiable func-

arcsinhz  1/v1 + 22 arccoshz 1/vz?—1




F Block Diagram Elements

Type Symbol Differential Equation Frequency Response Nyquist Diagram Bode Plot
K Im |GlaB /G
= IV
SN K L T,
—+—> Re 0 — logw () — = logw
I
A |Glas /@G
Ty 0 logw
_ _ —JjwT}
T U — — y(t) =e(ult —Tp) € wlie%m (e e —— (o \
Im
K T A w=20
PT Tj+y = Ku K Re
1 u —p —y yry= JwT + 1
w=1/T
Im
K
KCT % wg()
PT T2+ 2Tj+y =K ¢
2 u — — jr2aTy+y=Ku T2(jw)? + 20T (jw) + 1
w=1/T
K Im = |Glan 4G
1 )= Ku 5 Re w:% 0 +———— logw
u— —y U= jw j 0 8y o
2
Im[\'
kT b dr 1 w OOR
= — Kll14+ — €
PI i A K<“+/O T <+ij




0T

Type Symbol Differential Equation Frequency Response Nyquist Diagram Bode Plot
K Im |GlaB LG
us
D U — —_ Y y=Ku JwK 2
Re 0 +— logw
Not realizable! w=0
K T K
) . Jw
DT, Ty+y=Ku JER
u — — gy 1+ jwT
F.1 PT,-Element H MATLAB Reference
Command Description
G = tf(N,D); Create a continous time a transfer function with de-
Y w = 1/T’ Wn = 1/T = wy/ 1-¢2 G = t£f(N,D,"InputDelay",T); nominator N and denominator D (both arrays). Add
o —n¢/\/1-¢2 - G = tf(N,D,TS); a delay of e 5T, Create a discrete time transfer func-
Ym = Yool Ta = (m — arccos () /wn tion with sampling time TS.
Ym _ _
T =Tn/2 =m/wn SYS = ss(A,B,C,D); Create a continuous time state space model from the
SYS = ss(A,B,C,D,"InputDelay",T); matrices A B C and D. Add a delay of e=5T. Create a
SYS = ss(A,B,C,D,TS); discrete time model with sampling time TS.
Yoo = K i CO = ctrb(A,B); Compute the controllability matrix of a system from
: CO0 = ctrb(SYS); the matrices A and B or from the system object.
1 ! 0B = obsv(A,C); Compute the observability matrix of a system from
L i 0B = obsv(SYS); the matrices A and C or from the system object.
. K {1 —e T (Cos(wnt) +¢/\/1—¢ sin(wnt)ﬂ
e SYS = tf2ss(G); Conversion between state space and transfer func-
t G = ss2tf(SYS); tion.
0 T, T, 2T, 3T,
@ m " " K = dcgain(SYS); Compute the DC gain of a system.
K = dcgain(G);
K = place(A,B,P); Compute a state feedback matrix such that the eigen-
values of A — BK are those specified in the vector P.
- [X,S,CLP] = 1gr(8YS,Q,R,N); Calculates the optimal gain matrix K for the contin-
G Lead Lag Element [X,S,CLP] = 1qr(A,B,C,D,Q,R,N); uous or discrete state-space model SYS.
[K,S,CLP] = dlqr(4,B,Q,R,N)
[N,D] = pade(T,N); Returns a Nth order Padé approximation of the con-
SYSX = pade(SYS,N); tinous time delay e~*T. Returns delay free approxi-
mation of a system SYS with a delay.
1+ ijl Lead T > 15
14 jwTs Lag Ty <1y
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