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MISC DETERMINANT
Quadratic formula: det(a) = a det(a b) oo
- 2a)=
5 —-b + Vb2 - 4ac
ax +bx+c=0=)x,,2=T a1 A A
Monotonically in-Idecreasing: det| ax @y ax
A3y dsp ds3

Vx.(f(x)>0)=>a>b & f(a)> f(b)
Vx. (f(x)<0)=a>b & f(a) < f(b)
RSS:

RSS = 3 (i~ fx)

X 0 30°="/ | 45°="/y | 60°="/5 | 90°=
sin(x) 0 P A A 1
cos(x) 1 3/, 2/, 7, 0
tan(x) 0 Vs 1 V3
sin(x) Schema :
tan(x) = cos(x)

sin(2x) = 2 sin(x) cos(x)
sin?(x) + cos?(x) = 1
1, sin(a), cos(a)

VECTORS

det(A™

—d31322813 ~ 32823911 ~ 339012

1
)= det(A)

) = 911922833 + 31283831 + 31332193,

det(A - B) = det(A) - det(8) det(1) =1

det(AT) = det(A)

021
. det{ 1 01 ——2det( >+0det( ) 4det( )
/2 <3 4 2) 32 32 1

=-22-3)+0-4(-1)=2+4=6

+ =+ ..
-+ -

B E

M

Eigenvector v for the eigenvalue A of M:

Mv = Av

o (M-Ay =0

Te Definiti
Ne""/L - efinition Eigenvalue A of M:
orm/Leng _ "2
vl = Z, o= det(M-2A1)=0
Il = Finding eigenvalues:
IIVH
1 11
V= A=
R i (23)
V|\r|\2=2||r|\mr7 =2r" det(A- A1) = det( 2)‘ 4- A)
Distance d(u,v)=llu-vl|

Vd(w,1) = g5 (== o)

Scalar product uv=uTvEy uy
k

V(u-v)=(vTu")
V(u-v)=v"

MATRICES

Inverting:
_(aby_,a__ 1 (d-b
A'(c d)=>A _ad—cb(—c a)

Transposing:

10\ 1143
02 =(02 1) (A=A (A+B) = AT+87
37

INDICES

1 T
(4) =(145) (AA)T=2AAT (AB)" =BAT
5

(2 3 1)} ?g
4-17)\gq
_((2:6+3-1+1-8) (2:4+3-0+1:9)\_(2317
“\@6+-1-147-8) (4-4+-1-0+7-9)) “\79 79

A-AT=1 kerA={v | Av =0}
A+B=B+A A-BB-A
A+(B+C)=(A+B)+C ABC) = (AB)C
A(B+C)=AB+AC (A+B)C = AC +BC

Multiplication:

EIGENVALUES

MeR™, M=
det(M)= A, Ay A,

=(1-)@E-2)-(-2)1

=A2-51+6
=>Ae{32}

or alternatively

_1 1T 1) _
'Etr(—z 4)‘

11

1+4 A+A

2

2

p= det(_2 4) =4+2=MA,

Au:mi‘/m?—p:—

N =

_s,
T2

A€R™, BeR™,
(A-B), = gAfksk,
(A-8)),=(4-B),
(A-87),; = ZAkaIi
a-B-b= Z(a )iBijb;
(B-a)(C-a)= Z(B -a)(C-a),

| ADDITION/SUBTRACTION
A€ R™™ B e R™™

(A+B) =Aj;+B;

(A-B),=A,-B,

25
1\'7—6

A-BER™
= ZA“(B“
= ;AikBk,-
= ZA,.kBjk

ZaB,, i

KRONECKER DELTA

BASIS VECTORS (R3®)
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RULES

=] f F(g00)g'(x) dx = F(g(x)) + const

a1
6= (e")i - {0 , otherwise
(l/)k, é.lk""./'

[ F()g0x) dx = F(x)g(x) - f F(g(x) dx
By = 601621600

FUNCTIONS OF SEVERAL VARIABLES

1 0 0 Term Definition
e, = (0), e, = (1 ), ey = (0) Real valued function RCR
0 0 1 Vector valued function RcCR™
A ncion o et
10 01 00 00 n-dimensional curve C:R—>R"
En = (0 0)’ Eip= (0 0)' En= (1 0)' Exp= <0 1) n-dimensional hyper-surface s:R"> R
Reparametzsin 0= )= )

MeRr Softmax function:
A Rm — R
oMy b M-x Rr — [0;1]"
N o: (s o\
L(@)-0 0 er(z )
DERIVATIVES ei exieXi
0 p Jijo(x) = &; T ew (37 en)
- - k=1 (Zk=1 exk)
xZ — 2x X" — nx"! o X
1 1 1 Sigmoid function:
1 o Jx L
X X2 2/% R [0:1] 0.75
er — e o e 9 x> = 0.50
1 1 02
In(x) — ;,x>0 In(y - x) —>;,X>O a(-x)=1-0(x)
a —1na)-a%,a>0,a#1 a'(x) = a(x)(1 - a(x)) 8-6-4-2 2468
sin(x)  — cos(x) 109,00 = myx DERIVATIVES
cos(x) — —sin(x) sin(2x)  — 2cos(2x) Function Derivative
1 cos(ax) — -asin(ax) wfix)
2, — dx.
tan(x) - 1+tan?(x)= 052(x) 1 ;e {R —Ro o {R SR _[ S0
arccot(x) » ——— X =y X =y :
cot(x) 1 Text 20
sin’(x) arcsin(x) ! -
- L [Rr = R
arccos(x) = — ! Vi-x R >R f‘[x sy Y
1o arctan(x) -» —— f: {X =y F) F) 5
e = (100, 2100 0
Case Rule |2 {IR" - Rmn = gf
™ X
Addition (Fx)+ g)) = f() +g'(x) - 4 e
Multiplication @ fx) =a-fx) f {x -y ) <Vf1'(x)) Bx“f!(x) -3x,,j.f1(X)
Product rule (f-oy=f-g+f9g () = 200 - a,nfm(x)

(F-g-hy=f-g-h+f-g-h+f-g-h

Chain rule

Quotient rule

(g0 = f1g(x0) - g'x) fx,y)=x+2y
Y _f9-fg
(5) 7 o _ox
ox

TMELALE af _of ﬂ dy =2X+2- y | (y dependent on x)
1 Sin(x)+c In(x) —xIn(x)-x+c dx " ox* dy dx
1 ) df
x x arcsin(x) + ¢ Lety =x3= —= =2x +6x?
e —>e‘+cC S-x - dx
sin(x) — - coslx) +c 1 | GRADIENT VS TOTAL DERIVATIVE
Cos(x) — sin(x) + ¢ o — arccos(x) + ¢ fx, y) = xye’
tan(x) — - In(|cos(x)|) + ¢ x(t) = e
— arctan(x) + ¢
x? - *1Xa’1+c,a¢—1 T ) ¥ =2
ar abx _’|(17,,)a’+c Vf = (ye¥, xe¥ + xyeY) =e'(y, x+xy)
X X n(a
a - = =a‘+c d dfet d
In(a) af =e'(y,x+xy)- a(‘;) dt(e tze‘z)
3 = elntakx

= (2t + 2+ 263)e™t

GRADIENTS

1
arctan(x) — x arctan(x) - 5 In(]1+x3])+c
Common gradients:

arccos(x) — x arccos(x) - V1 -x2+c¢

f:R">R xeR", acR", ceR, AcR™
arcsin(x) — xarcsin(x) +vV1-x2+c¢

fo0 = lxI1? =>Vf =2x"
fx)=a'x+c =>Vf=a"
f(x)=xTAx SVf =xT(A+A")

-
flx)= %XTAX +b"™x+c =Vf = XT¥ +bT

=xTA+bTifAT =
g:R" —>R,BeR™"
f(x)=g(Bx +b) = Vf =(Vg(Bx +b))"B

f:R">R" X €R"

SO BT 0), = i)
]

. R2 2 _ (9% 9y,
riww o =(3 )

Euclid, Matg
(R", x,) ty lukas <3 R®
1 - I § z
(R™, g(x,)) - > R™ §

i sy )2

(R, f(g(xo))) R¥

Chain rule:

fiR"SR" g:R" >R, h:R">R=gof

In=Jg(F(x)) - J4(x)
Common jacobians:
fx)=a+M-x
fx)=x
flx)=(xTx)x

=>J=M
=>J=1
S Jp=2xxT+(x7X) - 1

= (j,)ij =2XX; + ) XE6;
k

FO0 = lIxII? > =07
L [Rr - R
f"'{x - a; + Mx

9(x) = fo(far (AFLON) = Jg = My - My - - M,
| LINEARISATION
f:R">R" X, €R”
Lf(X) = flxo) + ff(xo) (X = Xo)
For finding better approximations for x,:
1) Calculate /y, then J;(x,), then L,
2) Find x so that Ly(x) = 0 (Gauss)
For calculating an approximate value at x:
1) X, =round x to ints

2) Calculate L; at X,
3) Calculate L(x) with original x

TR FIEA 5 fix,y)

ax?

HESSIAN MATRIX

f:R" >R, xeR", H(x)eR™
_(fx Fr)
Hx,y) = (f f ) = J(Vf)
(), = 335
8,0, =0,0,f
Common hessians:

flx)= %XTAX +bTx+c=>Hp = A +2AT
f(x) = g(Ax +b) = Hy = ATHy(AX + b)A

g:R" =R
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Quadratic form:

M e R™" qu(v) =vTMv veR”

1
H=5(M+M) Vv R (qu(V) = 44(v)

Vv. (VTHv > 0) v VA. (A > 0) = ¢, is a local minimum, H is

positive definite

Vv. (VTHY 20) VVA. (A2 0) = ¢, is a local minimum or
non-extremal, H is positive semi-definite

Vv. (VTHv < 0) vV VA. (A < 0) = ¢, is a local maximum, H is
negative definite

Vv.(VTHY <0) vV VA. (A <0) = ¢, is a local maximum or
non-extremal, H is negative semi-definite

-1.00 -0.75-0.50 -0.25 0.00 0.25 0.50 0.75 1.00

T i ii is in-
Vv. (VTHv #0) Vv VYA. (A £ 0) = ¢, is a saddle point, H is in LOGISTIC REGRESSION

definite

Findi tati int Term Definition
inding stationary points: —
1) Calculate Vf, then H, ’ Probzf\blllty measure P(E)
2) Find stationary point(s) x so that Vf(x) = 0 Density Jox)

3) Find type by technique of “completing squares” on H(x)  Likelihood function

or finding its Eigenvalues

e.g.1(0) = Po(f(X) | | 1= pe(f(x))
hay hay i Va xls_lm xesrlm
(v, v, Va) | hay i B || v, Log-likelihood function

31 hsy B Vs, In(L(6)) = > In(fy(x:))
i=1

L(6) =TT folx:)
i1

-2 2 2
= Vihyy + V3hy, + V3has + 2v1V5h0, + 2V5V3hy5 + 2v1V3hyg Cost function

(negative log-likelihood)

c(6) = -In(L(6)) = ’Z In(fa(xi))

Technique of completing squares:

RELATING RANDOM VARIABLES

X Fy g(Y(w)) = X(w)
Q — R —> [0;1]

= F(9(y))
N Tg/p' - P(X(w) < g(¥))
R = P(g(Y(w)) < g(y)

{Fx(g(y)) =P(Y(w) < y)=F(y) g increasing
Fy(9(y)) = P(Y(w) 2 y)=1-F/(y) g decreasing

N {fx(g(y)) 9=y
H@W)-g'(y) =-f(y)

() dyl = fx(x)dx]|

The bounds a, b of the indicator function 1 inside f,(y) must
be swapped relative to fy(x) if g is monotonically decreasing!

Y(w) = h(X(@))  Vias) = Tinwynian

DISCRETE PROBABILITY DISTRIBUTION

Let Q = {e,, e, ..., e,} be enumerable
Ped) =pe ke{1,2,...n}
PE) =3 ple)

eck

Fx)= > ple)

e€n,esx

g increasing
g decreasing

if monotonically in/decreasing

EcQ

VeeQ.(0<ple)< 1)

> ple)=1 [ rode=1

Univariate normal distribution: Roxn Rnxn 0 !
f{ - ﬁf(x)=Eij‘A
Ul

X~ N (4, 0) X —X-A
a a
1 e —fulX)= 5— D Xedy =y 6ubja, = (E;-A)
fxlp,0)= P aX_kal ax. krri ikOjrari i A)y
/2102 ij ij T T

CALCULATING LIKELIHOOD FUNCTION

N
H=X= N Z X; Given the following data and the probability density | |,
=1 of the form BIE
1 N R E—
ot =var= g2 (6 -%) (O =26 160 2]
= 3|32
Error function: find a formula for the likelihood function: “alaa

1) = f(7)- f(16) f(32)- f(44) = X*e™*
Find a formula for the negative log-likelihood:
-In(I(A)) = = In(A*e**) = 99A - 4In(A)

CALCULATING PROBABILITY DENSITY FUNCTION
| EXPONENTIAL DISTRIBUTION

Given g, Y and X, an exponentially distributed random var

ss A=Yy = F()

Jx(X) = Xioo)(X) - €7, ¥V = 0(X), olx) =

LLEOO0Oo000
SNwhrboNmo
¥
]

]

]

]

]

]

]

]

]

]

T+ex

calculate the probability density function f,(y)
[fr(y)dy| = | fx(x)dx|

1 2 3 4 5 6 7 8

S f0) = fu0)- :—;

1

y=1+e-’

Lo 0
SNwhrboNmo

Indicator function 1 xe(ab) 1
X2 —4xy +1 “(a.a;(x)={0 X & (a:b) = 4=)x=—|n(——1), O<y<1
v lim F(x)=0 lim F(x) =1 Y
X-00 X200 — dx 1 -1 1
=(x=2y) - (2y)° +1 e b(x) a(m-b-q) 0<F(x)<1 fity=0forteR 2T R
= (x=2y) -4y*+1 R > R > (0] ) ) ) ) ) ) mean value (), standard deviation (o) y
F(x) is monotonically increasing & continuous from the right 1
HYPER-SURFACES cat(x) ' MULTIVARIATE NORMAL DISTRIBUTION = £,(y) = Xow(X) - € - 5
Chain rule: 100 (0) CDF  unif(0, 1) ¥ = covariance matrix, V:Q — R" y-y
V~N(uzL 1 1
fIR">R" g:R" >R h:R">R=gof 08 W) =F'X[D;w)(_ln<y_1
F} {0; 1} : f,v) = 1 . e9z-1(v-p) 1 . 1
Vh(x) = Vg(f(x)) = V9Nl g0 - 5 f0X) 06 V(2m)" detx - In<7 - 1> 208y 5
Differentiation properties: b(x) = Feature function 04 1 s 1 7
FiR">R g:R" >R a(m - b - q) = Probability function 02 GV =) = 5 (=) - ) = X[U:OO)(_IH(; - 1)) yeon Xg(y)
Vf+9)=Vf+Vg m = Weight -1.0 -05 05 1.0 1.5 20 Sample mean: 1
V(f-9)=Vf-Yg q = Bias . = FY) = X5 )
B . . PDF unif(0, 1) V=
D)0 = Indicator function ! H=V= Vi
V(f-g) = gVf + fVg (0 ® o Nz | UNIFORM DISTRIBUTION
f _9Vf-fvg { = Threshold =0- f(x) os b Sample covariance matrix: Given X ~ unif(0,1), p>0, ¥ = X? calculate the probability
V9T MAXIMUM LIKELIHOOD PRINCIPLE ’ M density function f,(y)
= Finding optimal ters 6 for fitting distribution to dat 061 0= Ny -7\
COMMUTATIVE DIAGRAMS "neing oplimer parameters Boriing Gistrbuiion fo €ata ol 2=Q= o7 2 (-7 -Y) Fe(x) = P(X < X)
fiD>M gef 1) Calculate cost function ¢ with given distribution function f,, : . Fy)=P(Y<y) =P(XP<y)
g:N—R parameters 6 and data points X;, X,, ..., X, 0.2 ” . " . . B B
: m 2) Calculate stationary point(s) of ¢ (set V¢ to 0) é o X:Q-RandY:Q— R are statistically independent, it = IP(X < yﬂ) = Fx(yv)
h:D—=R D > U > R = Find optimum (gradient descent/inewton's method if 10 -0 05 10 15 20 theprobability density f, of the random variable e 1)
=g°f calculation not possible) UNIVARIATE UNIFORM DISTRIBUTION Q> R = TonWY? + Ty
GRADIENT DESCENT / NEWTON’S METHOD PROBABILITY THEORY X ~unif(a,b), QCR e (K )= diFv(y) = 11[0;11(y)1y%’1
GD  Xjy =X -y-Vf(X) Term Definition £ = mmifxe@b) _g - L o y p
-1 - A0 el @Ry g T X satisfies
N X =xi=p- (Hpp) - Vf(x) Distributed - else —
y = step size Eo;mal d:[:i?:ti:n N(,: OL F(¥) = P((~00; XN Q) = Tp(X)- E + T pio0)(X) folx y) = £ - fly) X ~unif(1,3), V= WT
termination criterion € > | x;,, - X;| niform distribution | unifta, ) —— - x EXAMPLES 1
. » CDF Cumulative Distribution Function F = P(X < x) :f f)dt WORKING WITH INDICES fi(x) = ’u(m)(x)E
Gradient descent doesn’t always produce global minimum: PDF Probability Density Function f -0 X,y €R", fiR" >R
1 ini H ' ’ . - 3
— If the function has morg than one I(_)cal rmmmum it could KOLMOGOROV AXIOMS UNIVARIATE NORMAL DISTRIBUTION ) X=5- ZV3
output that — run with different starting points m Standard normal distribution: £ = (x - y)T(3X —y)= Z(X‘ ~Y)BX - 1) gly)=5-2y
— Could output a stationary point that is not minimal (unlikely). P(Q)=1 A JIATE A .
P pomts @) -0 : ) = -Fgg¥) monot. decr.
— run with different starting points (2) = 000 = ek axf0) = (3% - )+ 306 - 1) ! ,
— Could not terminate at all if step size / learning rate is so big VA,BCQ, ANB=@.(P(AUB) = P(A) + P(B)) Noe ! ra "' ! ] =3y*103(5-2y7)
(overshopts mlnlmal point). Likely tq happen .If the graph of VA, B C Q.(P(AUB) = P(A) + P(B) - P(AN B)) General normal distribution: f)=In(y™x) = In(z y,-x,-) =>Vf= yTxyT 1<5-2y?<3
the function is narrow around the minimal point. — choose 1 - i=1 S1<y<P
smaller step size fxlp, 0) = *‘P(J) v
o e = f(y) = 3y*104()
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