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I Segmentation

1 Intensity based segmentation

1.1 General

• Single threshold, i.e. g(x, y) =

0 f (x, y) ≤ T
255 f (x, y) > T

• Multiple thresholds for mult. objects, i.e. g(x, y) =


0 f (x, y) < T
128 T1 ≤ f (x, y) < T2

255 f (x, y) ≥ T

1.1.11.1.1 Color based clusteringColor based clustering
Colors are represented with 3D vectors (R, G, B).
Color segmentation is done by defining k cluster centers mi and assigning each color pixel
the closest center value. These clusters could be geometrically disconnected on a picture,
since pixels with the same color belong to the same cluster.

1.1.21.1.2 Region based clusteringRegion based clustering
Pixels belong to the same cluster if a combination of color distance and spatial distance is
below a threshold.

1.1.31.1.3 Noise in thresholdingNoise in thresholding
Noise impacts threshold levels and how they need to be placed. Left is noiseless, middle is
Gaussian noise and 10 intensity levels, right is Gaussian noise and 50 intensity levels.

1.1.41.1.4 Illumination, reflectance in thresholdingIllumination, reflectance in thresholding
Illumination and reflectance impacts threshold levels and how they need to be placed.
Left is a noisy image, middle is intensity ramp from [0.2, 0.6], right is product of both.

1.2 Otsu’s method (global)

i

pi

class 1 (bg)
class 2 (fg)

T = k

1
2 (m1+m2)

L different intensity values i exist:
i ∈ {0, 1, 2, . . . , L − 1}

k Threshold
pi Probability
mi Mean
σ2

i Variance

In-Class variance of background: σ2
1(k) :=

1
P1

k−1∑
i=0

p(i)(i − m1)2

In-Class variance of foreground: σ2
2(k) :=

1
P2

L−1∑
i=k

p(i)(i − m2)2

Mean intensity value of classes: m1(k) :=
1

P1

k−1∑
i=0

p(i)i m2(k) :=
1

P2

L−1∑
i=k

p(i)i

Probability of classes: P1(k) :=
k−1∑
i=0

p(i) P2(k) :=
L−1∑
i=k

p(i)

Within-Class variance (sum): σ2
w(k) :=

k−1∑
i=0

pi · (i − m1(k))2 +

L−1∑
i=k

pi · (i − m2(k))2

Conditional probability (Bayes’ theorem):

P(A | B) =
P(A ∩ B)

P(B)
→ P(i | i ∈ Class1) =

P(i ∩ i ∈ Class1)
P(i ∈ Class1)︸          ︷︷          ︸

P1

Find the lowest σ2
w for the ultimate threshold k̂ = arg min

k

{
σ2

w(k)
}
=

m1(k̂)+m2(k̂)
2

1.2.11.2.1 Simplified evaluationSimplified evaluation
Between-Class variance: σ2

B := σ2
G − σ

2
w(k)

= P1 · (mG − m1)2 + P2 · (mG − m2)2

=
P1

1 − P1
(mG − m1)2

Global variance: σ2
G :=

L−1∑
i=0

p(i) · (i − mG)2

Global mean value: mG :=
L−1∑
i=0

i · p(i)

Find the highest σ2
B for the ultimate threshold k̂ = arg max

k

{
σ2

B(k)
}

1.2.21.2.2 Separability measureSeparability measure
Classes are easily separable and compact when σ2

w(k̂) ≪ σ2
G . Separation is not possible,

when they are equal.

η(k̂) := 1 −
σ2

w(k̂)
σ2

G

=
σ2

B(k̂)

σ2
G

=


1 perfect separability
0 < · · · < 1 . . .

0 no separability

1.2.31.2.3 ImprovementsImprovements
Smooth image first (reduces noise); use edges to mask the histogram (only count pixels
on/near edges) when foreground objects are small.

1.3 Basic method (iterative)
Alternative to Otsu’s method, a simple iterative procedure. T is the threshold variable, like
k̂ in Otsu’s method.

1 Initialize the threshold with
the global mean intensity. Use
the histogram counts ni of all
gray values i.

T (0) := mG =

∑L−1
i=0 i ni∑L−1
i=0 ni

2 Split the histogram into two
classes using the current
threshold. All gray values
below or equal to the threshold
go to class C1; all gray values
above the threshold go to class
C2.

C1 = {i | i ≤ T (r)}, C2 = {i | i > T (r)}

3 Compute the mean gray value
of each class. The histogram
counts ni are used as weights.
Empty classes are not allowed.

m(r)
1 =

∑
i∈C1 i ni∑
i∈C1 ni

, m(r)
2 =

∑
i∈C2 i ni∑
i∈C2 ni

4 Update the threshold. The new
threshold is placed exactly be-
tween the two class means. T (r+1) =

m(r)
1 + m(r)

2

2

5 Repeat the split and update
steps until the threshold no
longer changes significantly.
For discrete histograms, it is
often enough to check whether
the class split stays the same.

∣∣∣T (r+1) − T (r)
∣∣∣ < ∆T

1.4 k-means clustering
Each pixel is in a set of color vectors
Q :=

{
z1, z2, . . . , zq

}
Partition the set Q into k < Q disjoint clus-
ter sets C := {C1,C2, . . . ,Ck}

The cluster centers of the sets Ci are
M := {m1,m2, . . . ,mk}

= arg min
C

 k∑
i=1

∑
z∈Ci

||z −mi ||
2


1 Initialize a set of means: mi(1), i = 1, 2, . . . , k

2 Assign each sample to closest cluster set
mean:

zq → Ci if ||zq −mi ||
2 < ||zq −m j ||

2

j = 1, 2, . . . , k ( j , i);
q = 1, 2, . . . ,Q

3 Update cluster center means: mi =
1
|Ci |

∑
z∈Ci

z i = 1, 2, . . . , k

4 Test for completion with residual error:
Stop if E is small enough, else go back
to 2

E =
k∑

i=1

||mi −mi,previous ||
2

+ Optimizes Within-Class-Variance just like Otsu’s and Basic Method
+ Class-borders can be more general than just parallel to color axes
+ The algorithm can be used to cluster any type of vectors not just color
+ Computationally more efficient than Otsu, for vectors that have more than 3D
+ An arbitrary large number Q of classes is allowed

− Not guaranteed to converge to the optimal solution

3



− Solution depends on starting values
− k needs to be known upfront
− The class borders are limited to convex shapes
− Pixels with color outliers (pixel err. of camera) will have a strong effect on the outcome

1.5 Comparison
1.5.11.5.1 Otsu’s methodOtsu’s method
• Minimizes the Within-Class Variance
• Good for binary thresholding
• Provides optimal solution in one complex step

1.5.21.5.2 Basic methodBasic method
• Minimizes the Within-Class Variance
• For binary thresholding
• Iterative algorithm, not converging to the global optimum in general

1.5.31.5.3 k-Meansk-Means
• Minimizes the Within-Class Variance
• Generalization of Basic Method to color- and multidimensional-clustering
• Iterative algorithm, not converging to the global optimum in general
• Good initialization of the cluster centers is key, consider the algorithm known as

k-Means++

2 Region based segmentation

2.1 Splitting and merging
Split an image into a set of arbitrary disjoint regions R and merge or split to remove unjus-
tified regions. I.e. Gmax = 6,Gmin = 1

Q(R) =

TRUE |Gmax −Gmin | ≤ 1
FALS E otherwise

2.1.12.1.1 QuadtreeQuadtree

1. Split into for disjoint any region Ri for which Q(Ri) = FALS E
2. When no further splitting is possible, merge any adjacent regions where

Q(R j ∪ Rk) = TRUE
3. Stop when no further merging is possible

2.2 SLIC - Simple linear iterative clustering
k-Means ignores neighbourhoods and creates fringed segments. SLIC takes the neigh-
bourhoods into account by augmenting the color vector z with the pixel coordinates (x, y):
z = [r, g, b, x, y]T

A suited distance measure D allows to weight color distance dc and geometric distance ds
separately:

D =

( dc

dcm

)2

+

(
ds

dsm

)21/2

dc =
[
(r j − ri)2 + (g j − gi)2 + (b j − bi)2

]1/2
ds =

[
(x j − xi)2 + (y j − yi)2

]1/2

The algorithm is identical to k-Means (siehe 1.4). SLIC is mainly a preprocessing step
for other algorithms, for solving the stereo matching problem and for image feature detec-
tion.

3 Edge detection

3.1 General
Defined as abrupt intensity change, either at a point or a line, creating an edge

3.1.13.1.1 DerivativesDerivatives
f (intensity ramp)

f ′ (edges)

f ′′ (double resp.)

• First-order derivatives highlight edges of
an image

• Second-order derivatives highlight fine
details, such as thin lines, isolated points
and noise

• Second-order derivatives produce a
double-edge response at ramp and step
transitions in intensity

• The sign of a derivative tells, whether the
edge transitions from dark to bright or
vice versa

3.1.23.1.2 Gradient operatorsGradient operators
Roberts mask
Single 2x2 mask, used for detecting diago-
nal lines. Misses a central point and has no
smoothing built in, badly approximates the
continuous differentiation, see also problem
10.1 in Gonzales a. Woods

-1
10
0

Roberts

0
01
-1

Prewitt mask
A 3x3 mask is the smallest mask with a clear cen-
ter−1

+1

 ∗
+1

+1

 ∗ [+1 +1 +1
]
=


−1 −1 −1

0 0 0

+1 +1 +1


-1

0
1

0
11

0
-1 -1

Prewitt

-1
0

1
-1

0-1
1

0 1

vertical horizontal

Sobel mask
By far the most popular one −1

0 + 1

 ∗ [+1 +2 +1
]
=


−1 −2 −1

0 0 0

+1 +2 +1


-1

0
1

0
21

0
-2 -1 -1

0
1

-2
0-1

2
0 1

Sobel

  

3.1.33.1.3 Derivative approximationsDerivative approximations
Finite differences approximate derivatives from neighbouring samples of a discrete signal
or image. Let the sample spacing be ∆x.
Forward difference: The one-sided forward difference uses the current and the next
sample:

f ′(x) ≈
f (x + ∆x) − f (x)

∆x
The approximation error is

O(∆x).

So it is a first-order approximation.
Backward difference: The one-sided backward difference uses the current and the pre-
vious sample:

f ′(x) ≈
f (x) − f (x − ∆x)

∆x
The approximation error is also

O(∆x).

Central difference: The two-sided central difference uses the previous and the next
sample:

f ′(x) ≈
f (x + ∆x) − f (x − ∆x)

2∆x
The approximation error is

O(∆x2).

Therefore, the central difference is usually more accurate than the one-sided forward or
backward difference.

3.2 Point detection
The second derivative is a measure of curvature and thus sensitive to isolated points

2nd derivative along vert. axis
∂2 f (x, y)
∂x2 = f (x + 1, y) + f (x − 1, y) − 2 f (x, y)

2nd derivative along hor. axis
∂2 f (x, y)
∂y2 = f (x, y + 1) + f (x, y − 1) − 2 f (x, y)

Sum of them ∇2 f (x, y) = f (x + 1, y) + f (x − 1, y)

+ f (x, y + 1) + f (x, y − 1) − 4 f (x, y)

0
-4

0
1

10
1

1 0 1
-8

1
1

11
1

1 1 -1
8

-1
-1

-1-1
-1

-1 -1
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3.2.13.2.1 Laplacian maskLaplacian mask
Detects an isolated point when the absolute
value of Z exceeds a threshold T

Z(x, y) = f (x, y) ⋆ h(x, y)

g(x, y) =

1 if |Z(x, y)| > T
0 otherwise

(Set threshold T relative, i.e. in %)

-1
8

-1
-1

-1-1
-1

-1 -1

3.3 Line detection
Also uses the second derivative and therefore the Laplacian mask. Usually only parts above
a certain threshold are kept, otherwise two lines could be detected, at the beginning and at
the end (also called double response).

3.3.13.3.1 Wide linesWide lines
Wide lines, wider than the mask, will get detected twice⇒ The line needs to be thin com-
pared to the filter.

3.3.23.3.2 Discrete Laplacian maskDiscrete Laplacian mask
The continous Laplace mask is perfectly isotropic. Should a line with a known direction be
detected, you can use special (discrete) masks. Angles are with respect to the axis system
(X: ↓, Y:→)

-1
2

-1
2

-1-1
2

-1 -1

Horizontal

2
2

2
-1

-1-1
-1

-1 -1

+45⁰

-1
2

-1
-1

2-1
-1

2 -1

Vertical

-1
2

-1
-1

-12
-1

-1 2

-45⁰

3.4 Noise mitigation
3.4.13.4.1 SensitivitySensitivity
Derivatives are sensitive to noise and results
in less obvious features, even when the noise
is almost invisible.

Therefore the image usually needs to be
low-pass-filtered before a derivative based
edge detection scheme can be sucessful.

First column: Ramp edges, corrupted with
Gaussian noise of zero mean and deviations
of 0.0, 0.1, 1.0 and 10.0
Second column: First derivative images
Third column: Second derivative images

Sobel and Prewitt masks already have some
built-in smoothing

3.5 Gradient based edge detection

Since first order derivatives are helpful, it’s easy
to combine the partial derivatives into one value
→ the magnitude of the gradient

The gradient vector points into the direction of
greatest change, while the magnitude is the value
of the rate of change in this direction.

The direction is defined as the angle enclosed be-
tween the x-axis and the vector, while the vector
is orthogonal to the edge.

∇ f ≡ grad( f ) ≡

gx

gy

 =

∂ f
∂x

∂ f
∂y


M(x, y) = ||∇ f (x, y)|| =

√
g2

x + g2
y

M(x, y) ≈ |gx | + |gy |

α(x, y) = tan−1
[

gy

gx

]
Masks for horizontal and vertical lines

3×3 is the smallest mask with a clear center.

All here are non-isotropic

Masks for diagonal lines, i.e. +/ − 45◦

0
0

0
-1

-1-1
1

1 1

Prewitt

-1
0

1
-1

10
1

-1 0

0
0

0
-1

-1-2
1

1 2

Sobel

-2
0

2
-1

10
1

-1 0

4 Local algorithms

4.1 Canny Edge detector
More complex, but also more powerful than the previous ones. Built to indentify one pixel
wide edges.

4.1.14.1.1 SummarizationSummarization
• Smooth the input image with a Gaussian filter
• Compute the gradient magnitude and angle images
• Apply nonmaxima suppression to the gradient magnitude images
• Use double thresholding and connectivity analysis to detect and link edges

4.1.24.1.2 Nonmaxima suppressionNonmaxima suppression
Since only 4 directions are natural in a 3x3
neighborhood, round the calculated gradi-
ents to the nearest of these four directions.

4.1.34.1.3 Double thresholding and linkingDouble thresholding and linking
Set two thresholds:
• TH for values that are almost certainly

true edges
• TL for values high enough to filter out

noise but much lower than TH (2 to 3
times), likely still true edges but also
possibly erronous edges

gNH(x, y) :=

1 if gN (x, y) ≥ TH

0 else

gNL(x, y) :=

1 if TH > gN (x, y) ≥ TL

0 else

In gNH(x, y) are now the strong edge pixels, while gNL(x, y) contains the weak ones

Run a connectivity check:
1. Locate the next unvisited strong edge pixel p in gNH
2. Mark all weak pixels in gNL around p as valid
3. Check, if all strong edge pixels have been visited
4. Set all invalid pixels in gNL to zero

4.2 Canny inspired algorithms
• EDLines and LSD for straight line detection
• Arc Support Lines for ellipse detection

5 Global Algorithms

5.1 Hough Transform
Idea: Identify lines on an image by checking how the pixels match with each possible
straight line (template matching)

5.1.15.1.1 ParametrizationParametrization
Points (x, y) on a line satisfy the equation y = ax+ b with in-
clination a and offset b. a however could assume arbitrarily
large values.

⇒Define the line normal with (ρ, θ) with the following prop-
erties:
• Only two parameters for every line
• Parameters have finite values
• Parameters in defined intervals, if the line intersects the

image area

ρ =

x

y


T

·

cos(θ)

sin(θ)

 = x cos(θ) + y sin(θ)

5.1.25.1.2 Matching algorithmMatching algorithm

Check with L how many points of the image
are on the line

Count the number d of nonzero points on the
image that lie on the line (ρ, θ)

The combination (ρ, θ) with the highest score
d describes the line with the largest number of
pixels on the image

L(x, y, ρ, θ) =

1 if point is on line
0 else

d(ρ, θ) =
M−1∑
x=0

N−1∑
y=0

f (x, y) · L(x, y, ρ, θ)

(ρ′, θ′) = arg max
(ρ, θ)
{d(ρ, θ)}

Compromise for ∆ρ,∆θ:
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Smaller steps give a more precise fit to the given line
Smaller steps require more evaluations→ greater computational effort

5.1.35.1.3 Accumulator cell A(i,j)Accumulator cell A(i,j)
Plotting every nonzero product into an accumulator cell gives the Hough transform for
every line with (ρi, θi) that matches on x, y.
When you plot this transform for two seperate points, the values where they intersect shows
the (ρ, θ) for the line intersecting these two points:

5.1.45.1.4 Hough transform exampleHough transform example
Given points:
1. ( 0, 0)
2. ( 0,100)
3. ( 50, 50)
4. (100, 0)
5. (100,100)

5.1.55.1.5 PropertiesProperties
+ Efficient implementation of template matching
+ Optimal for known templates and white gaussian noise
− Short and interrupted lines capture noise of unnecessarily many image pixels

5.1.65.1.6 ExtensionsExtensions
Circles could be found as well with the same algorithm and

(x − c1)2 + (y − c2)2 = c2
3

where c3 is the radius and (c1, c2) define the circle center.
The parameter space is now 3-dimensional and therefore more expensive.

5.2 RANSAC (RANdom SAmple Consensus) for circles
Find a small disc on an image with a small device. Do Prepressing with gradient magnitude
computation and thresholding.
You’ll get a set of points cluttered around the disc and points outside as outliers.
Find the disc’s center and radius

5.2.15.2.1 ParametersParameters
• N◦ of trials: Each trial consists of three points chosen at random
• Sphere width: Tolerance around circle for points still on circle
• Min. number of inliers: Assume a circle if minimum is reached

5.2.25.2.2 AlgorithmAlgorithm
1. Randomly choose 3 points
2. Compute center and radius of circle with given points
3. Find points within circle’s Sphere width (inliers)
4. IF number of inliers > min. number of inliers:

1. Compute Least Squares fit⇒ Refined sphere
2. Find inliers to refined sphere
3. Compute the resulting sum of squared errors (SSE)
4. Save number of inliers, SSE, center radius to a Candidate List

5. Find highest inlier count on Candidate List
6. If multiple matches, take smallest SSE of matches

The algorithm prefers large circles

For small circles, replace the inlier count as a matching score with
inlier count
circle radius

5.2.35.2.3 Success rateSuccess rate
Probability of at least one trial succeeding s denotes
the number of inlier points required to uniquely define
the model; for line detection, s = 2, for circle detec-
tion, s = 3, for homography detection, s = 4.

ε being the probability of picking an outlier

n being the number of trials needed for a given proba-
bility

p = 1 − (1 − (1 − ε)s)n

ε =
Noutliers

Noutliers + Ninliers

n =
log(1 − p)

log(1 − (1 − ε)s)

Example:

Desired success rate p Outlier rate ε Required number of trials n

1 0 1

0.99 0.01 2

0.99 0.5 35

0.99 0.9 4603

0.999 0.01 2

0.999 0.5 52

0.999 0.9 6905

5.3 RANSAC vs. Hough transform

Common stuff RANSAC Hough transform

Assumption of specific
model

Computationally inex-
pensive

Computationally
expensive

Ident. of model params Less reliable Reliable

Search for params with
strongest evidence

Returns a single object
over a threshold

Returns multiple ob-
jects over a threshold

Robust against outliers Finds reasonable
params and then how
much evidence for
them

Collects evidence and
then which one has the
highest

II Local Features

6 General

6.1 Applications
• Camera calibration
• Image stitching
• Object detection / classification
• Pose estimation / tracking

• Motion based segmentation
• 3D object reconstruction
• Simultaneous localization and mapping
• many more, like bone age estimation

7 Keypoint detection
Detectors for blobs and corners

Adaptation to image category. If necessary, both can be used

Alternative: Dense sampling (keypoints lie on a grid)

Scale matters: a rounded contour zoomed out looks like a sharp corner

Corner detection
• Harris corner detection (1998)
cv2.cornerHarris()
cornerSubPix()

• Shi-Thomas corner detection (1994)
cv2.goodFeaturesToTrack()

• FAST (Rosten & Drummond 2005)

Multiscale blob/corner detection
• SIFT (David Lowe 2004)
cv2.SIFT()

7.1 Harris corner detection
7.1.17.1.1 Principle componentsPrinciple components
Given a point cloud of N points with co-
ordinate vectors x′i = [x′i , y

′
i ]

T , we want
to know the direction x̂ of the strongest
extension, i.e. the direction x̂ of the prin-
cipal axis.

x̄′ :=
1
N

N−1∑
i=0

x′i xi := x′i − x′ =

xi

yi


C := 1

N BT B, B :=


x1 y1
x2 y2
.
.
.

.

.

.
xn yn


C := U · Λ · UT U := [v1, v2]

Λ :=
[
λ1 0
0 λ2

]
, λ2 ≤ λ1

7.1.27.1.2 Requirements to Corner MeasureRequirements to Corner Measure
• Define a corner measure R(x, y) for a region of interest (ROI)
• Move the ROI over the image and test if the corner measure exceeds a threshold T
• The corner measure must respond in the following way to the three situations:

1. homogeneous region → measure < T

2. region with an edge → measure < T

3. region with a corner → measure > T
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7.1.37.1.3 Point cloud, weighted gradientsPoint cloud, weighted gradients
Choosing a ROI with hard transitions is usually bad, as it
would result in a corner measure with a flat maxima, instead
of a unique maximum.
A smooth transition is better:
h(x0 − x, y0 − t)
h(x, y) = e−(x2−y2)/4σ2

We define the gradient vector

To determine if the coordinates (x, y) be-
long to a corner, we consider the gradients
weighted with h, which is Gaussian

Resulting in the weighted gradients

g(x, y) :=

 fx(x, y)

fy(x, y)

 =
 ∂ f (x,y)

∂x
∂ f (x,y)
∂y


h(x − s, y − t)
h(s, t) = e−(s2−t2)/4σ2

v(x, y, s, t) = h(x − s, y − t) · g(s, t)

Depending on the gradients that are considered by the Gaussian weigthing kernel, the
pointcloud has a different distribution and eigenvalues.
To identify the eigenvalues and eigenvectors, the centroid does not need to be removed
first, unlike in principal component analysis

7.1.47.1.4 Covariance matrix of pointcloudCovariance matrix of pointcloud

M(x, y) =
∑
s,t

v(x, y, s, t)vT (x, y, s, t)

=
∑
s,t

h(x − s, y − t)g(s, t)h(x − s, y − t)gT (s, t)

=
∑
s,t

h(x − s, y − t)2 g(s, t)gT (s, t)︸          ︷︷          ︸
A(s,t)

= h2(x, y) ⋆ A(x, y)

M(x, y) := w(x, y) ⋆ A(x, y) = w ⋆

 f 2
x fx fy

fx fy f 2
y


with w(x, y) = h2(x, y) = e−(x2−y2)/2σ2

7.1.57.1.5 Corner detectionCorner detection
As shown before, the eigenvalues could be used to determine corners:

λ1 ≥ λ2 ≥ 0

Case Eigenvalue comparison Interpretation
Flat region λ1 ≈ 0, λ2 ≈ 0 No significant intensity change in any dir.
Edge λ1 ≫ 0, λ2 ≈ 0 Strong change in one direction only.
Corner λ1 ≫ 0, λ2 ≫ 0 Strong change in at least two indep. dir.

But Eigenvalues are expensive to compute.
Instead the following can be done:

R(x, y) :=λ1λ2 − k(λ1 + λ2)2

= det(M(x, y)) − kTrace2(M(x, y))

A corner is detected if R(x, y) is larger than some threshold T .
The parameter k can be in the interval (0, 0.25], while a good choice is k = 0.06
k helps dampening the influence of an overly big λ1 to give a false positive, like an edge or
an overly blunt corner.
[Harris and Stephens (1988)]

7.1.67.1.6 ImprovementsImprovements
To find more corners for an image, create versions of the same image but with decreasing
size.

7.2 FAST corner detection
(Features from Accelerated Segments Test)
A feature is detected at the center C if
• circle of 16 pixels surrounding C
• contains 12 contiguous pixels that are

below or above a threshold intensity t of
the center pixel

+ very fast
+ low memory requirements

− less discriminative than Harris corner detector

8 Feature description

8.1 General
A feature describes the image patch around a keypoint
Features are made invariant to
• Scaling
• Rotation
• Intensity (illumination, brightness)
• Moderate perspective change (warping)

Many different feature descriptors have been developed: SIFT, SURF, BRIEF, BRISK, ...

8.1.18.1.1 ScaleScale

8.1.28.1.2 RotationRotation
• Take square window around detected

feature
• Compute edge orientation (angle of the

gradient - 90◦) for each pixel
• Throw out weak edges (threshold gradi-

ent magnitude)
• Create histogram of surviving edge

8.1.38.1.3 Intensity normalizationIntensity normalization
Take square window around detected feature
and perform intensity normalization (ex-
plained further down). Specifically, the so
called histogram of gradients will be nor-
malized.

8.1.48.1.4 Histogram of Gradients (HoG)Histogram of Gradients (HoG)
N orientation bins. The gradients angle determines
the bin to which the gradients accumulates

7



8.2 SIFT features
(Scale Invariant Feature Transform)

• Associate an orientation to each detected
keypoint

• A square patch with the associated orien-
tation is considered around the detected
keypoint

• The square patch has 16x16 pixels
• A HoG is computed for subsquares of

4x4 pixels
• Gradient values are asigned to 8 orienta-

tion bins. Bins have an 8-bit counter
• 16 histograms per keypoint with 8 bins
→ 128 entries = 128 bytes per feature
vector

8.3 Other descriptors
8.3.18.3.1 Different approaches and algorithmsDifferent approaches and algorithms
• SURF (Speeded Up Robust Features) [Bay, Van Gool,2015]
• BRIEF (Binary Robust Independent Elementary Features) [Calonder, Lepetit, 2012]
• BRISK (Binary Robust Invariant Scalable Keypoints) [Leutenegger, Siegwart, 2011]
• FAST (Features from Accelerated Segment Test) [Rosten, 2005]
• SIFT (Scale Invariant Feature Transform) [Lowe, 2004]

8.3.28.3.2 Trained descriptorsTrained descriptors
• LIFT (Learnt Invariant Feature Transform) [Moo, 2016]
• Implicit in CNNs (Convolutional Neuronal Network)
• Super Glue, light glue, disc,

8.3.38.3.3 Selection criteriaSelection criteria
• Performance for the given image material
• Computational time
• Memory requirement
• Availabilty (Library, Ease of Implementation)

9 Feature matching
An object is described by a set of local features. Feature matching means finding a refer-
ence image within a query image.

9.1 Matching metrics
Denote the feature vectors from the reference image with

Denote the feature vectors from the query image with

Eucledian distance between features

v j j ∈ [0,M − 1]

wi i ∈ [0,N − 1]

di, j = ||v j − wi ||2

The smaller the Eucledian distance, the better the match

9.2 Brute Force Matching
The brute force matcher yields the match. I.e., per reference feature there will be one match
to a query feature. A query feature can be matched by zero, one or more reference features.
Only if the distance di, j is below a threshold Θ, the match is accepted

True positives = # of correct matches that exceed the threshold Θ
False positives = # of false matches that exceed the threshold Θ
False positive matches are called “outliers”

Ne is the number of Euclidean distance evaluations, Nq is the
number of features in the query image, and Nr is the number
of features in the reference image.

If the full distance matrix is computed, then Nc is zero, since
crossmatching can be read from the distance matrix without
additional computations.

Ne = Nq · Nr

Nc = 0

9.3 Outlier rejection
The cause of false positives or outliers is that feature descriptors can be similar even though
the describe unrelated regions
Human made objects often show multiple features that are almost identical, see the images
below
Hence, making a feature descriptor more precise cannot eliminate feature ambiguity
Thus, ambiguous features should be detected and sorted out.

9.3.19.3.1 Ratio testRatio test
Assuming the feature v matches roughly the same with w and w′.
The ratio test searches the best match w and the second-best match w′ and evaluates the
ratio r :=

||v − w||2
||v − w′ ||2

=
dbest

dsecond−best
≤ θ ≤ 1

Ratios close to 1 or bigger than threshold θ will be identified as unreliable

9.3.29.3.2 Cross checkCross check
If the feature v matches best with w, check the opposite as well.
If yes, the match is reliable, otherwise it is ambiguous and gets rejected

9.3.39.3.3 CombinationCombination
The cross check and the ratio test are redundant to a certain extent. It has been shown
empirically that a consecutive application of both minimizes the false positive rate.

9.4 Efficient matching
Brute Force Matching is expensive (M queries and N reference features, with matrices of
both, optimal result but expensive)
• Replace the optimal or brute force KNN matcher by an approximate nearest neighbor

algorithm (FLANN)
• Different approaches exist for approximate nearest neighborhood algorithms
• The do not provide the optimal match in all cases but with high probability

9.4.19.4.1 Minimum Distance ClassifierMinimum Distance Classifier
Each class ωi is represented by a mean vector mi. A feature vector x is assigned to the
class with the smallest Euclidean distance:

Di(x) = ∥x − mi∥

î = arg min
i

Di(x)

Equivalently, one can use the discriminant function

di(x) = xT mi −
1
2

mT
i mi

and classify by

î = arg max
i

di(x).

The decision boundary between two classes ωi and ω j is given by

Di(x) = D j(x)

or equivalently

di(x) = d j(x).

Geometrically, this boundary is the perpendicular bisector of the line segment between the
two class means mi and m j.

10 Optical Flow
Optical flow = apparent motion of brightness patterns (ideally the projection of 3D motion
into the 2D image plane); dense = estimated per pixel.

10.1 Brightness constancy & the flow constraint
Assumptions: (1) brightness of a point is constant, (2) small motion. I(x, y, t) = I(x +
δx, y + δy, t + δt). Taylor expand⇒

∂I
∂x

dx
dt
+
∂I
∂y

dy
dt
+
∂I
∂t
= 0 ⇐⇒ Ix u + Iy v + It = 0.

(u, v) = optical flow; Ix, Iy = spatial gradients (Sobel); It = temporal difference of frames.
One equation, two unknowns.

10.2 Aperture problem
Local motion is ambiguous: only the flow component normal to an edge is observable
(1 DOF along the line).

t t + δt

(u, v)

normal

true?

aperture
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10.3 Lucas–Kanade
Spatial coherency: assume the same flow for all pixels in a patch (e.g. 5 × 5 = 25 pixels)
⇒ over-determined linear system

Ix(p1) Iy(p1)
.
.
.

.

.

.

Ix(p25) Iy(p25)

︸                  ︷︷                  ︸
B

uv
 = −


It(p1)
.
.
.

It(p25)

 .

Least squares: B⊤B (u, v)⊤ = −B⊤(It); solvable iff A = B⊤B has two nonzero eigenval-
ues (gradient point cloud spans 2D — a corner). Coarse-to-fine pyramids handle large
displacements (the small-motion assumption holds at coarse levels).

III Image formation

11 3D to 2D projection

11.1 General
• Camera with lens

A camera with adjusted optical lens captures the light falling onto its surface and guides
it to a specific location on the image sensor. All captured light rays originating form
the same object point fall onto the same specific location on the sensor.

• Pinhole camera
A pinhole camera just captures the light falling into the small pinhole

• Ideal lens-camera
An ideal lens camera does the same mapping of the 3D world to the 2D sensor as a
pinhole camera

11.1.111.1.1 Pinhole-camera modelPinhole-camera model
• Camera origin is the position of

the pinhole oc

• Pinhole to sensor distance F
• Position of the object point pc

• Position of the image point xc

• Camera coordinate-frame

11.1.211.1.2 Inverted pinhole-camera modelInverted pinhole-camera model
We can think of getting the same
image with the sensor in front of
the pinhole by assuming that only
those rays hit the origin that pass
through the pinhole

11.1.311.1.3 Centered and inverted pinhole-camera modelCentered and inverted pinhole-camera model
Sometimes it is convenient to use a
translated sensor coordinate frame,
so that the center is on the z-axis

11.2 Perspective projection
We use the centered and inverted pinhole
camera model and set F = 1
The ray from the object point pc to the cam-
era origin passes through point xc on the sen-
sor
The intercept theorem yields the following:
• The object point pc gets projected onto

xc

• Notice that xc only specifies the direc-
tion of the ray, but not the position of the
object point itself

• The image coordinates xs is the projec-
tion of the point xc or equivalently of the
point pc to the camera

xc =
F
z

pc =
1
z

pc =
1
z

x
y
z

 =
x/z
y/z
1


xs :=

[
1 0 0
0 1 0

]
· xc =

1
z

[
1 0 0
0 1 0

]
· pc

11.3 Homogeneous image coordinates

Corresponding to the image coordinates xs,
let us define the so-called homogeneous im-
age coordinates

From these we can compute the image coor-
dinates or more specifically, the inhomoge-
neous image coordinates

Notice that homogeneous coordinates indi-
cate the same image point no matter what
their scaling is. We indicate this equivalence
by writing

In general, homogeneous coordinates are
obtained by adding a dimension with unit
length and by applying an arbitrary scaling

Inserting the definitions from before lets us
interpret homogeneous coordinates as a 3D
vector representing a ray direction

x̃s =


x̃s,x

x̃s,y

x̃s,z

 =

xs · z
ys · z

z

 =

xs

ys

1

 · z

x̃s 7→ xs =

[
xs

ys

]
=

1
x̃s,z

[
x̃s,x

x̃s,y

]

x̃s = λx̃s, λ ∈ R/0

xs 7→ x̃s = λ

[
xs

1

]

x̃s = pc = λpc

11.4 Lines and points
A point in an image is usually given in inhomogeneous coordinates as

p =

x

y

 .
For computations in projective geometry, this point is written in homogeneous coordinates
as

p̃ =


x

y

1

 .
The advantage of homogeneous coordinates is that geometric operations such as computing
lines and intersections can be expressed conveniently using cross products.

11.4.111.4.1 Representation of a LineRepresentation of a Line
A line in the image plane can be written as

ax + by + c = 0.

In homogeneous form, the line is represented by the vector

l̃ =


a

b

c

 .
A homogeneous point

p̃ =


x

y

1


lies on the line if

l̃⊤p̃ = 0.

This gives

a b c



x

y

1

 = ax + by + c = 0.

11.4.211.4.2 Computing a Line from Two PointsComputing a Line from Two Points
If two points lie on the same line, the line can be computed using the cross product of the
two homogeneous point vectors:

l̃ = p̃1 × p̃2.

Similarly, the intersection point of two lines can be computed by taking the cross product
of the two line vectors:

x̃ = l̃1 × l̃2.

The resulting vector

x̃ =


xh

yh

wh


9



is again a homogeneous point. To obtain the corresponding inhomogeneous coordinates,
one divides by the third component:

x =
xh

wh
, y =

yh

wh
.

Parallel Lines
If two lines are parallel, their cross product will yield:

l̃1 × l̃2 = 0.

11.4.311.4.3 Loss of scale informationLoss of scale information
A homogeneous vector is invariant to scaling. Hence, p̃c can be reconstructed from x̃s only
up to scale.
A more intuitive explanation is, that the image only depends on the direction of the light
rays falling into the camera and not on the distance of their origin.
Loss of scale information is an intrinsic property of the pinhole camera model.

11.5 Camera intrinsics
• Focal length F in m
• Pixel spacings sx, sy in m
• Sensor origin coordinates cx, cy in pixels

Assumptions:
Rows and columns of the sensor are perfectly equidistant and
orthogonal

Metric point on sensor plane x′′s =
[
1 0 0
0 1 0

]
·

F
z

pc

Pixel coordinates on sensor plane x′s =
 1

sx
0

0 1
sy

 · x′′s
Pixel coordinates on sensor plane, non-cent. xs = x′s +

[
cx
cy

]

Camera mapping from 3D to pixel on image xs =
1
z

[
fx 0 0
0 fy 0

]
· pc +

[
cx
cy

]
( fx = F/sx and fy = F/sy)

Expanded to homogeneous coordinates x̃s =

 fx 0 cx
0 fy cy
0 0 1

︸            ︷︷            ︸
K

·pc = K · pc

12 3D coordinate transforms

12.1 Coordinate frame
Coordinate frame:
• Basis: E⃗g := [⃗eg,x, e⃗g,y, e⃗g,z]
• Origin: o⃗g

• Coordinate frame: E⃗g; o⃗g
Point:
p⃗ = e⃗g,x · p

g
x + e⃗g,y · p

g
y + e⃗g,z · p

g
z + o⃗g

p⃗ = E⃗g · pg + o⃗g

pg =

pg
x

pg
y

pg
z

 (referred frame denoted as superscript g)

12.1.112.1.1 Changing the basis of a pointChanging the basis of a point
Rotation is equivalent to
changing the basis that is
used to represent a point

Recalling from before we have

The matrix denoted as Rc
g describes the in-

tended rotation and is thus a rotation matrix

vc = E⃗T
c · v⃗ v⃗ = E⃗g · vg

vc = E⃗T
c · E⃗g · vg = Rc

g · vg

12.2 Rotation matrix

Rc
g =

e⃗c,x
e⃗c,y
e⃗c,z

︸︷︷︸
E⃗T

c

·
[⃗
ec,x e⃗c,y e⃗c,z

]︸                 ︷︷                 ︸
E⃗g

=

e⃗c,xe⃗g,x e⃗c,ye⃗g,y e⃗c,ze⃗g,z
e⃗c,ye⃗g,x e⃗c,ye⃗g,y e⃗c,ye⃗g,z
e⃗c,ze⃗g,x e⃗c,ze⃗g,y e⃗c,ze⃗g,z

 =
cxx cxy cxz
cyx cyy cyz
czx czy czz


Other rules:

Rc
g =

[
ec

g,x, ec
g,y, ec

g,z

]
=

(e
g
c,x)T

(eg
c,y)T

(eg
c,z)T

 , (Rc
g)T Rc

g = I, Rc
g =

(
Rg

c

)T

ec
g,x =Where does the x-axis of g point, written in c?

ec
g,y =Where does the y-axis of g point, written in c?

ec
g,z =Where does the z-axis of g point, written in c?

12.3 Translation
Translation between two origins:

t⃗cg = o⃗g − o⃗c (General)

tc
cg = oc

g−oc
c (Expr. in c-coord.)

Order of subscripts matters!

12.3.112.3.1 NotationNotation

12.3.212.3.2 Rotation plus translationRotation plus translation
With pg given, pc = Rc

g · pg + tc
cg

pc = Rc
g ·

(
pg + Rg

c · tc
cg

)
= Rc

g ·
(
pg + tg

cg

)
= Rc

g ·
(
pg − tg

gc

)
12.4 Rigid motion matrix
Usage:
• for transformation of position vec-

tors from one coordinate frame to an-
other

• for representation of the relative pose
between two coordinate frames

• allows very simple inversion of coor-
dinate change

pc = Rc
g · pg + tc

cg[
pc

1

]
=

[
Rc

g tc
cg

[0, 0, 0] 1

]
·

[
pg

1

]

p̃c = Tc
g · p̃g p̃g =

[
Tg

c

]−1
· p̃c

Tg
c =

(
Tc

g

)−1
=

[
Rc

g tc
cg

[0, 0, 0] 1

]−1

=

[
Rg

c −Rg
c tc

cg
[0, 0, 0] 1

]
13 3D rotations

13.1 Euler angles
A rotation matrix can be factorized into ro-
tations around three cardinal axes e.g. x, y, z
by angles φ, θ and ψ
When the angle of the inner matrix ap-
proaches 90◦, the rotation axis of the outer
two rotation matrices become aligned. Thus,
the product of the three rotation matrices
suffers a reduction in degrees of freedom:
Instead of three it has only one degree of
freedom. This effect is called “gimbal lock”
To prevent angles near 90◦ of the inner fac-
tor, it is often possible to sort the three fac-
tors appropriately.
To completely avoid gimbal lock, other pa-
rameterizations for rotation matrices must
be used.

R(φ, θ, ψ) = R(φ) · R(θ) · R(ψ)

Rφ(φ) =

1 0 0
0 cos(φ) − sin(φ)
0 sin(φ) cos(φ)



Rθ(θ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)



Rψ(ψ) =

cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1



13.2 Axis/angle Rodrigues’ formula
The image shows a vector v getting rotated around
the axis n̂ by the angle θ and yielding the rotated
vector u

v∥ = n̂(n̂ · v) = (n̂n̂T )v
v⊥ = v − v∥ = (I − n̂n̂T )v

v× = n̂ × v⊥ = n̂ × v = [n̂]×v
v×× = n̂ × v× = [n̂]2

×v = −v⊥

v∥ = v − v⊥ = v + v×× = (I + [n̂]2
×)

u⊥ = cos θv⊥ + sin θv× = (sin θ[n̂]× − cos θ[n̂]2
×)v

u = u⊥ + v∥ =
(
I + sin θ[n̂]× + (1 − cos θ)[n̂]2

×

)
v

[n̂]× =

 0 −n̂z n̂y
n̂z 0 −n̂x
−n̂y n̂x 0


n̂ =

[
n̂xn̂yn̂z

]T

Rotation matrix with Rodrigues’ formula: R (n̂, θ) = I + sin θ[n̂]× + (1 − cos θ)[n̂]2
×
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13.2.113.2.1 Rotation vectorRotation vector
The Euler theorem states that any rotation in 3D can be expressed as a rotation around a
constant axis in space around a specific angle.
We describe the rotation axis by a vector n̂ and the rotation angle by the scalar θ. Taken
both together we obtain the so-called axis angle representation for a 3D rotation
Multiplying the two we get the so-called rotation vector ω := θ · n̂
The rotation vector is a minimal parametrization of the three degrees of freedom of any 3D
rotation The term minimal representation means that there exists no representation with
viewer parameters.
Unfortunately, this parametrization for 3D rotations is not unique. E.g., adding a multiple
of 360◦ to any θ is equivalent to θ.

For small angles θ, Ro-
drigues’ formula yields

R (ω) ≈ I + sin θ[n̂]× ≈ I + θ[n̂]× =

 1 −ωz ωy
ωz 1 −ωx
−ωy ωx 1


13.3 Interpreting Rodrigues’ rotation matrix
Consider the two bases Rc

g = [ec
g,x, ec

g,y, ec
g,z] and Rc

c.

Assume, rotating the c-basis so that it becomes the g-basis, is achieved by rotating it with
the rotation vector ωc

c,g = n̂c
c,gθc,g

This should allow us to write Rc
g = R

(
ωc

c,g

)
· Rc

c ⇒ Rc
g = R

(
ωc

c,g

)
This equation allows us to interpret the meaning of a rotation specified by a rotation vector

13.4 Notation for software code

Formula Identifier Description

o⃗ j Origin of coordinate system j

R⃗ j Basis of coordinate system j(
R⃗ j, o⃗ j

)
Coordinate system j

v⃗ j Direction vector or space vector j

x⃗ j Location vector or point in space j

Ri
j R_i_j Basis of coordinate system j expressed in coordi-

nates of coordinate system i, R3×3

oi
j o_i_j Origin of coordinate system j expressed in i-

coordinates

ti
i j = oi

j − oi
i t_i_ij Direction vector of the translation of coordinate sys-

tem j relative to the coordinate system i expressed in
i coordinates, given that oi

i = 0

pi p_i Point coordinates of point in space p⃗ expressed in
inhomogeneous i-coordinates, R3×1

p̃i xh_i Point coordinates of point in space p⃗ expressed in
homogeneous i-coordinates, R4×1

vi = Ri
jv

j Coordinate transformation for direction vectors
vi, v j ∈ R3×1

Ti
j =

 Ri
j ti

i j[
0 0 0

]
1

 T_i_j Pose matrix for the representation of the relation
from coordinate system j to coordinate system i,
R4×4pi

1

︸︷︷︸
p̃i

= Ti
j

p j

1

︸︷︷︸
p̃xi

Coordinate transformation for location vectors in
homogeneous coordinates p̃i, p̃ j ∈ R4×1

bi b_i Image coordinates in inhomogeneous i-coordinates,
R2×1

b̃i bh_i Image coordinates in homogeneous i-coordinates,
R3×1

Ki K__i Intrinsic matrix of the camera i, R3×3

b̃i = Ki pi Mapping of location vector pi to homogeneous im-
age coordinates of the camera i

bi =

b̃i
x/b̃

i
z

b̃i
y/b̃

i
z

 Mapping of homogeneous image coordinates of the
camera i to inhomogeneous image coordinates

14 Camera matrix

14.1 Projecting points

We want to project points specified in any
coordinate frame to a camera sensor

For this we transform a point specified in
some local (l)-coordinates to camera (c)-
coordinates

The simple form is

x̃s =

 fx 0 cx
0 fy cy
0 0 1

︸            ︷︷            ︸
K

·pc

[
pc

1

]
︸︷︷︸

p̃c

=

[
Rc

l tc
cl

[0, 0, 0] 1

]
︸            ︷︷            ︸

Tc
l

·

[
pl

1

]
︸︷︷︸

p̃lxsz
ysz
z

︸︷︷︸
x̃s

=

 fx 0 cx
0 fy cy
0 0 1

 · [Rc
l tc

cl

]
︸                            ︷︷                            ︸

Pc
l

·

[
pl

1

]

x̃s = Pc
l · p̃

l with Pc
l ∈ R

3×4

Finally homogenous coordinates must be
mapped into inhomogeneous coordinates so
that we obtain pixel coordinates

x̃s 7→ xs =

[
xs
ys

]
=

[
x̃s,x/x̃s,z
ỹs,y/ỹs,z

]

IV Projective geometry

15 Geometric definitions

15.1 Homogeneous coordinates
x̃ is the homogeneous image coordinate of
the projected point. For a point pc lying on
the corresponding camera ray, the vector pc

is proportional to the ray direction, since the
ray passes through the camera centre.
Conversely, the ray direction corresponding
to an image point is given by:

x̃ = w̃

x
y
1

 =
 x̃
ỹ
w̃

 =
 fx 0 cx

0 fy cy
0 0 1

︸            ︷︷            ︸
K

·

x
y
z

︸︷︷︸
pc

rc ∼ K−1x̃

K−1 =


1
fx

0 −
cx
fx

0 1
fy
−

cy
fy

0 0 1


15.2 2D lines
Implicit line ax + by + c = ⟨x̃, l̃⟩ = 0, with l̃ = [a, b, c]⊤ = λ[n̂⊤,−d]⊤, n̂ = normal vector
of line, d = distance from origin.

15.2.115.2.1 Points on a linePoints on a line

Define the orthogonal vector

Compute points

Reach any point on the line with

n̂⊥ =
[

0 1
−1 0

]
· n̂, n̂ =

[
cos(θ)
sin(θ)

]
xs = dn̂ + αn̂⊥

α ∈ R

15.3 Cross product

Intersection of two lines: x̃ = l̃1 × l̃2; Line through two points: l̃ = x̃1 × x̃2.

(With inhomogeneous coordinates you would have to solve a linear system.)

15.4 Points/line at infinity
Parallel lines l̃1, l̃2 have the same normal
vector n̂ but different distances d1, d2

Their point of intersection is

l̃1 =
[

n̂
d1

]
, l̃2 =

[
n̂
d2

]
x̃ = l̃1 × l̃2 =

[
n̂
d1

]
×

[
n̂
d2

]
=

[
n̂⊥
0

]
The intersection therefore lies perpendicular to the normal vector at an infinite distance
(division by zero)

16 Orthography
An orthography simply drops the z component of
a three-dimensional coordinate p to obtain a 2D
point x.
Orthographic projection, often leads to simpler
computer vision algorithms than perspective pro-
jection.

x̃ =

1 0 0 0
0 1 0 0
0 0 1 0

 · pc

11



17 Homography

Plane to camera Cam to cam Rotated camera views

17.1 Properties
• Up to 8 degrees of freedom
• Uniquely defined by 4 point correspon-

dences
• Maps lines to lines

• Linear transformation in homogeneous
image coordinates

• Invertible unless > 2 of the 4 correspon-
dences lie on the same line

17.2 Mapping from a planar object
Points with index i on planar object in local l-coordinatesxs,i

ys,i
1

︸︷︷︸
x̃c

i

=

 fx 0 cx
0 fy cy
0 0 1

︸            ︷︷            ︸
Kc

·

1 0 0 0
0 1 0 0
0 0 1 0

 ·
[

Rc
l tc

cl
[0, 0, 0] 1

]
︸                                     ︷︷                                     ︸

Π0

·

[
pl

i
1

]
︸︷︷︸

x̃l
i

Since it is planar, the third column of the ro-
tation matrix becomes irrelevant.
x̃c

i are the points i on the camera image

The factor λ can be chosen such that the
lower right component equals 1

x̃c
i = λ ·Kc ·

[
rc

l,x, r
c
l,y, t

c
cl

]︸                    ︷︷                    ︸
Hc

l

·x̃l
i

Hc
l =

a b c
d e f
g h 1


For known K: only 6 degrees of freedom – 3 rotation + 3 translation; the parameters are
constrained⇒ can recover calibration parameters (translation, rotation, focal length)

17.3 Mapping from one camera to another

As shown before, we can map a point on a
plane to two separate cameras

x̃1 = λ1 ·H1
g · p̃g, x̃2 = λ2 ·H2

g · p̃g

Invert the first homography p̃g = 1
λ1
·
(
H1

g

)−1
x̃1

Inserting it into the second we get x̃2 = λ2 ·H2
g ·

1
λ1
·
(
H1

g

)−1
x̃1 = H2

1 · x̃
1

With the total homography matrix H2
1 = λ2 ·H2

g ·
1
λ1
·
(
H1

g

)−1

17.4 Mapping between rotated camera views

The camera rotates around the origin. We ex-
press the scene points in the frame of camera 1

x̃1
i = K1 · p1

i , x̃2
i = K2 · R2

1 · p
1
i

With the image point the scene point can be re-
covered up to distance

p1
i = λ · R

1
2 ·K

−1
2 x̃2

i

Inserting this to the first image, we get x̃1
i = λ ·K1 · R1

2 ·K
−1
2 · x̃

2
i = H1

2 · x̃
2
i

With the total homography matrix H1
2 = λ ·K1 · R1

2 ·K
−1
2

18 Singular Value Decomposition (SVD)
With Eigenvalue Decomposition, we can decompose any asymmetric matrix M ∈

Rm×m,M =MT according to

M = VΛVT with V = [v1v2 . . . vm] , vi ∈ R
m×1, i = 1, 2, . . . ,m

and Λ = diag(λ1, λ2, . . . , λm), with real λi ≥ λi+1 ≥ 0.

Mvi = λivi, v1 = arg max
{
vT Mv

}
, and λ1 = max

{
vT Mv

}
SVD states that any real-valued m × n matrix A can be written as

Am×n = Um×pΣp×pVT
p×n =

[
u0 . . . up−1

]

σ0

. . .

σp−1




vT
0

. . .

vT
p−1

 , p = min(m, n)

U and V are orthonormal (UT U = I) and so are their column vectors (uiu j = viv j = δi j).
The singular values are all non-negative and are ordered (σ0 ≥ σ1 ≥ · · · ≥ σp−1 ≥ 0).

18.1 Proof of SVD
Let M := AT A with M = VΛVT and A being a m × n matrix with rank r.
Given Mvi = λivi we observe vT

j Mvi = vT
j AT Avi = λivT

j vi = λiδi− j

where δn is the Kronecker delta function.
This returns Avi as orthogonal. Therefore
the orthogonal vectors ui can be defined

vT
j AT = σ juT

j , Avi = σiui with σ2
i := λi

The scalar products are therefore σ2
i uT

j ui = σ
2
i δi− j nonzero if i = j

It follows that an orthonormal matrix U :=
[
u0 . . . up−1

]
, p = min(m, n)

can be composed so that AV = UΣ with Σ := diag(σ0, . . . , σp−1)

Right multiplication with VT yields A = UΣVT

19 Homography estimation & Pose estimation

19.1 General
Inputs:
• point correspondences (x̃c

i , p̃
b
i )

• If available, calibration matrix Kc
To compute:
• If not available, calibration matrix Kc
• Camera extrinsic matrix (rel. pose between

object and camera) Ec
b

19.2 Estimating H
• Matrix inversion from exactly 4 correspondences
• Least squares from > 4 correspondences (pseudo-inverse A(A⊤A)−1)
• Direct Linear Transform (DLT) from > 4 correspondences

19.2.119.2.1 Matrix inversionMatrix inversion
Build equations according to:
λxd,i

λyd,i

λ

 =

a b c

d e f

g h 1

︸        ︷︷        ︸
Hd

u

·


xu,i

yu,i

1


xd · (gxu + hyu + 1) = axu + byu + c
yd · (gxu + hyu + 1) = axu + byu + c
Solving for θ provides the coefficients of the Homography
− A can only be inverted, if # unknowns = # equations
− Equations must be linearly independent

19.2.219.2.2 Least squaresLeast squares
Instead of solving the equation system exactly, the
least squares solution can be computed e.g. by
computing the pseudoinverse of A.
+ Arbitrarily large number of point correspon-

dences
+ Noise tolerant
− Numerical accuracy sometimes insufficent

y = Aθ

AT y = AT Aθ

θ̂ =
(
AT A

)−1
AT y

19.2.319.2.3 Direct Linear Transfrom (DLT)Direct Linear Transfrom (DLT)

We use the following definition


x1

x2

1

︸︷︷︸
x̃

=


a b c

d e f

g h i

︸        ︷︷        ︸
H

·


p1

p2

1

︸︷︷︸
p̄

(1) Applying the cross product with the
left side vector yields

Matrix H expressed by row vectors


x1

x2

1

︸︷︷︸
x̃

×


hT

1

hT
2

hT
3

︸︷︷︸
H

·


p1

p2

1

︸︷︷︸
p̄

=


0

0

0



This gives the following

00
 =

0T −p̄T x2p̄T

p̄T 0T −x1p̄T

 ·

h1

h2

h3


With SVD we can use the raw vectors to
provide the coefficients of the homogra-
phy matrix

Hd
u = λ ·


hT

1

hT
2

hT
3

 =

a b c

d e f

g h 1


+ Applicable to any homogeneous equation system
+ Arbitrary number of equations
+ Good numerical accuracy

19.3 Line mapping by homography
A point is mapped by a homography as

x̃′ ∼ Hx̃.

A line is represented by

ℓ =


a

b

c

 , ℓ⊤x̃ = 0.

The corresponding mapped line is

ℓ′ ∼ H−T ℓ

because
x̃ ∼ H−1x̃′

and therefore
ℓ⊤H−1x̃′ = 0 ⇒ (H−T ℓ)⊤x̃′ = 0.
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19.4 Direct Linear Transform (DLT) for Homography Estimation
A homography maps homogeneous image points according to

x̃′ ∼ Hx̃

with

x̃ =


x

y

1

 , x̃′ =


u

v

1

 , H =


h11 h12 h13

h21 h22 h23

h31 h32 h33

 .
The homography is only defined up to scale, therefore

u

v

1

 ∼

h11 x + h12y + h13

h21 x + h22y + h23

h31 x + h32y + h33

 .
Define

W = h31 x + h32y + h33.

Then the inhomogeneous image coordinates are

u =
h11 x + h12y + h13

W
, v =

h21 x + h22y + h23

W
.

Multiplying by W gives two linear equations in the unknown homography coefficients:

uW − (h11 x + h12y + h13) = 0,

vW − (h21 x + h22y + h23) = 0.

With the unknown vector

h =
[
h11 h12 h13 h21 h22 h23 h31 h32 h33

]T
,

one point correspondence (x, y) 7→ (u, v) gives the two DLT rows[
−x −y −1 0 0 0 ux uy u

]
h = 0,

[
0 0 0 −x −y −1 vx vy v

]
h = 0.

For n point correspondences, all rows are stacked into a system

Ah = 0.

Because H has 9 entries but is only defined up to scale, at least 4 point correspondences
are required. With exactly 4 correspondences, the solution is exact if the equations are
independent. With more than 4 correspondences, the system is solved in a least-squares
sense, usually by SVD:

Ah = 0, h = right singular vector of A belonging to the smallest singular value.

The vector h is then reshaped into the homography matrix H.
Example: For the correspondence

(x, y) = (2, 1), (u, v) = (5, 4),

the two DLT equations are[
−2 −1 −1 0 0 0 10 5 5

]
h = 0,

[
0 0 0 −2 −1 −1 8 4 4

]
h = 0.

19.5 Pose estimation

Homography matrix proportional to
camera matrix, orthonormal basic
vectors and translation vector

Equation for centered image coordi-
nates for x̃s,i = Hc

b · p̃
b
i

Assuming the focal lengths are
equal ( fx = fy = f )

And then writing it with explicit
components

Multiplying with the inverted diag-
onal matrix

Multiplying the left side we get

Since the first two columns repre-
sent orthogonal vectors, we can stip-
ulate

Giving us the equation for f

With the scaling vector λ we get

Unit length of first column is set by
λ, for the second it is

Hc
b ∼

Kc︷            ︸︸            ︷
fx 0 cx

0 fy cy

0 0 1

 ·
[
rc

b,x, r
c
b,y, t

c
cb

]

xs,i − cx

ys,i − cy

1

 =


fx 0 0

0 fy 0

0 0 1

 · λ
[
rc

b,x, r
c
b,y, t

c
cb

]
·

pb
i

1



xs,i − cx

ys,i − cy

1

 =

1 0 0

0 1 0

0 0 1/ f

 · λ
[
rc

b,x, r
c
b,y, t

c
cb

]
︸                                   ︷︷                                   ︸

Hc
b

·

pb
i

1



h11 h12 h13

h21 h22 h23

h31 h32 h33

 ∼

1 0 0

0 1 0

0 0 1/ f

 ·
[
rc

b,x, r
c
b,y, t

c
cb

]

1 0 0

0 1 0

0 0 f

 ·

h11 h12 h13

h21 h22 h23

h31 h32 h33

 ∼
[
rc

b,x, r
c
b,y, t

c
cb

]


h11 h12 h13

h21 h22 h23

f h31 f h32 f h33

 ∼
[
rc

b,x, r
c
b,y, t

c
cb

]
h11h12 + h21h22 + f 2h31h32 = 0

f =

√
−

h11h12 + h21h22

h31h32

1
λ


h11 h12 h13

h21 h22 h23

f h31 f h32 f h33

 ∼
[
rc

b,x, r
c
b,y, t

c
cb

]

r̂c
b,y =

rc
b,y
||rc

b,y ||
rc

b,z = rc
b,x × r̂c

b,y

This gives us the corresponding rigid motion or pose matrix

Ec
b =

 Rc
b tc

cb

[0, 0, 0] 1

 with Rc
b =

[
rc

b,x, r̂
c
b,y, r

c
b,z

]
This method fails (sign of square root for f negative) when sensor is coplanar with object
(h31h32 = 0) or with outliers

19.5.119.5.1 Dolly zoomDolly zoom
Large distance + large f ≡ small distance + small f .
Distance therefore can’t be inferred from projected size alone (even with known physical
size) unless f is known.

20 Camera Calibration
Intrinsic parameters describe the inside of the camera (K + distortion); extrinsic describe
relative poses outside.

20.1 Image distortion (intrinsic calibration)
20.1.120.1.1 Radial distortionRadial distortion
Lenses are rotation-symmetric: points shift with radius r.

xd , yd Image coordinates in
distorted image: center
at (0,0)

x, y Image coordinates in
undistorted image

x = xd · (1 + k1r2 + k2r4 + k3r6) Mapping for x r2 = x2
d + y2

d Square of radial
distance

y = yd · (1 + k1r2 + k2r4 + k3r6) Mapping for y

20.2 Tangential distortion

xd , yd Image coordinates in
distorted image: center
at (0,0)

x, y Image coordinates in
undistorted image

x = xd + [2p1 xdyd + p2(r2 + 2x2
d)] Mapping for x r2 = x2

d + y2
d Square of ra-

dial distance

y = yd + [2p2 xdyd + p1(r2 + 2y2
d)] Mapping for y
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20.2.120.2.1 Mapping for radial and tangential undistortionMapping for radial and tangential undistortionx

y

 = (1 + k1r2 + k2r4 + k3r6) ·

xd

yd

 +
2p1 xdyd + p2(r2 + 2x2

d)

2p2 xdyd + p1(r2 + 2y2
d)


20.3 Other camera issues
20.3.120.3.1 VignettingVignetting

Caused by construction (lense borders, limited aperture)
Correct by scaling the intensity f ′(x, y) with a local correction factor h(x, y)

20.3.220.3.2 ColorColor
Reason:
Color specific sensitivity variations form
chip to chip due to production variability
Individual nonlinear response of RGB cells

Countermeasure:
E.g. Calibrate with color pattern as a ref-
erence to linearize the response of the RGB
cells

20.3.320.3.3 Sampling time (Shutter)Sampling time (Shutter)
Global shutter chip
All pixels are sampled simultaneously

Rolling shutter chip
Image rows are sampled sequentially

V 3D Vision

21 3D vision problems

21.1 Single-view pose-estimation
Input:
• Vectors of markerpoints in object coor-

dinates
• (Camera intrinsic parameters)

Desired output:
• Camera intrinsic matrix (i.e. calibration

matrix)
• Camera extrinsic matrix (i.e. relativ pose

object/camera)

21.2 Stereo-view depth map
Input:
• Camera intrinsics
• Camera extrinsics
• Left right point correspondences

Desired output:
• Depth map (z-distances of object surface

shown on each pixel)
• Point cloud (3D-coordinates of object

points)

21.3 Stereo-view structure-from-motion
Input:
• Camera intrinsics
• Left right point correspondences

Desired output:
• Camera extrinsics
• 3D point coordinates

22 Triangulation
Input:
Camera intrinsics (k11, k12, k13, p11, p12), (k21, k22, k23, p21, p22),K1,K2

Camera extrinsics R2
1, t

2
21

Left to right correspondences (x̃1, x̃2)
Desired output:
3D position of point in 3D in coordinates of camera 1 p1

22.0.122.0.1 Stereo projectionStereo projection
Two cameras form a stereo camera. A stereo camera is converging if their cameras view
overlapping regions of a 3D scene
A single point within the overlapping
region is projected to points that can
be expressed in homogeneous image
coordinates

x̃i = Pi
1 · p̃

1 i = 1, 2

The homogeneous 3D point has four
components

p̃1 ∈ R4\0

The projection matrices are Pi
1 = Ki ·

[
Ri

1 |t
i
i1

]
∈ R3×4

The above model is valid for undis-
torted camera images only. For their
undistortion, the camera intrinsics are
required

(k11, k12, k13, p11, p12),
(k21, k22, k23, p21, p22)

22.0.222.0.2 Stereo projection errorsStereo projection errors
The true projections deviate from the ideal projections due to various effects summarized
as noise.
An often used model assumes random
distortions of the inhomogeneous co-
ordinates, so that the distorted coordi-
nates are

x′i = x + n n ∼ N(0, σ2I2)

Here I2 is the 2×2 unit matrix and the
covariance matrix of the noise vector
n is

σ2I2

Consequently, the noisy homoge-
neous image coordinates are

x̃i = λ


xi + nx

yi + ny

1


22.1 Reprojection error
A good estimate of the 3D point minimizes a suited error measure
The reprojection error ei summarizes
the squared distance between the mea-
sured image point and the image point
that directs towards an assumed 3D
point

ei := ||x̃i − Pi
1 · p̃

1 ||22

With the before stated p̃1 ∈ R4\0, the
sum of the reprojection errors in both
images is

e := ||x̃1 − P1
1 · p̃

1 ||22 + ||x̃
2 − P2

1 · p̃
1 ||22

23 Epipolar geometry
A 3D point is mapped to the image 1 at the
coordinates x̃1 = K1 · p1.
The corresponding point on image 2 lies on
the epipolar line l2.
This means, test if the two image points are
on the same epipolar plane This can be bro-
ken down to two steps:
1. Express the epipolar plane’s normal vec-

tor n⃗ by point x̃1

2. Check whether x̃2 is orthogonal to n⃗

23.1 Derivation Step 1
Express the normal vectors p1 and p2 by the homogeneous points x̃1 and x̃2

Recall the identity x̃1 = λiKipi, for i = 1, 2

Notice the unknown nonzero scal-
ing term

λi

We can solve the equation for the
desired point coordinates

pi = 1
λi

K−1
i x̃1, for i = 1, 2

We assume two vectors p, u ∈ R3

The cross product of a vector with
itself is the zero vector

p × p = 0

The cross product can be written as
a matrix-vector product.

u × p = Û · p

Û := u× :=


0 −uz uy

uz 0 −ux

−uy ux 0

 u =


ux

uy

uz


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To represent n⃗ in coordinates of camera 2:
Derivation:

n2 = λt2
2,1 × p2

= λt2
2,1 × (R2

1p1 + t2
2,1)

= λt2
2,1 × R2

1p1

= λT̂R2
1p1

=
λ

λ1
T̂R2

1K−1
i x̃1

Identities used:

p2 = R2
1p1 + t2

2,1

0 = t2
2,1 × t2

2,1

T̂ = t2
2,1×

pi =
1
λi

K−1
i x̃1

23.2 Derivation Step 2
Test if x̃2 lies on the epipolar plane, i.e. if the corresponding point p2 is orthogonal to n2

23.2.123.2.1 Fundamental matrixFundamental matrix

The test is satisfied if (p2)T · n2 = 0

Into this equation, we substitute the identities n2 = λ
λ1

T̂R2
1K−1

1 x̃1

p2 = 1
λ2

K−1
2 x̃2

Finally we get the test formulation (x̃2)T (K−1
1 )T T̂R2

1K−1
1︸              ︷︷              ︸

F2
1

x̃1 = 0

The matrix F2
1 is known as the Fundamental matrix

23.2.223.2.2 Essential matrixEssential matrix

With the same equation from before (x̃2)T (K−1
1 )T T̂R2

1K−1
1︸              ︷︷              ︸

F2
1

x̃1 = 0

and the identity pi = 1
λi

K−1
i x̃1

we can express a similar constraint for the ob-
ject point p⃗ expressed in two camera coordi-
nates:

(p2)T T̂R2
1︸︷︷︸

E2
1

p1 = 0

The matrix E2
1 is known as the Essential matrix

23.3 Applications
Stereo matches violating the epipolar con-
straint can be considered outliers. However,
all corresponding image points, do not ex-
actly satisfy the epipolar constraint in prac-
tice.
Reasons
• Imperfect camera calibration
• Viewpoint change due to baseline
• Image noise

Solution
• Search on a slice with a radius d around

the epipolar line
• This however provides imperfect

matches, hence an error tolerant i.e.
robust, triangulation method is needed

• Use a a robust rig that robustly aligns
the cameras, pay attention to tempera-
ture change, if needed repeat calibration

Feature matching by SIFT: (a) coarse matches; (b) removal of wrong matches who violate
the epipolar constraint

24 Rectification
Rectification means to introduce new sensor
planes:
• the optical centers of the cameras remain

unchanged
• the epipolar lines become horizontal and

identical in the left and right rectified im-
ages

24.1 Stereo rectification

Object distance z

Baseline b

Focal length f

Image coordinate resolution
(Disparity)

∆d

Depth resolution ∆z

∆z =
z2

b f
∆d

VI Object Recognition

25 Matching by correlation

25.1 Cross correlation

Given are two signal vectors a = [a0, a1, . . . , an−1] b = [b0, b1, . . . , bn−1]

Their scalar or inner product is
defined as

aT b = |a| · |b| · cos(θ) aT b =
n−1∑
i=0

aibi

25.2 Normalized cross correlation coefficient

γ(a, b) :=
(a − ā)T (b − b̄)
|a − ā| · |b − b̄|

ā :=
1
n

∑n−1
i=0 ai b̄ :=

1
n

∑n−1
i=0 bi

25.3 Template matching

Given a mask w(x, y)
of size m × n and an
image f (x, y)

c(x, y) =
∑

s

∑
t

w(s, t) f (x + s, y + t)

γ(x, y) :=
∑

s
∑

t[w(s, t) − w̄][ f (x + s, y + t) − f̄xy]{∑
s
∑

t[w(s, t) − w̄]2 ∑
s
∑

t[ f (x + s, y + t) − f̄xy]2
}1/2

Using the coefficient from before we can check for perfect correspondence with +1 and
perfect anti-correspondence with -1
Very useful, but impaired by scaling and rotation

26 Patterns (feature vectors)
The goal is to assign a given pattern to its
class. Patterns are usually arranged as fea-
ture vectors.

The example data shown on the right, set the
stage for the subsequent discussion:

There are three classes, but only two de-
scriptors are available:
• Petal length
• Petal width

The goal is to classify a flower based on
these two measurements into one of the
three classes
Hence the feature space is two dimensional
and the goal of automatic classification is to
separate this space into three regions corre-
sponding to the three classes
This can clearly be done for the Iris setosa,
but separating virginica from versicolor is
not possible
Hence we might need different and/or addi-
tional features

27 Object recognition

27.1 Minimum-distance classifier

The mean vector of a class is a power-
ful prototype vector

m j =
1

N j

∑
x∈w j

x j

One simple matching function is the
Euclidean distance D j

D j(x) = ||x −m j ||
(
||a|| = (aT a)1/2

)
The rule is as stated before, feature
vector x is assigned to class wi, if
Di(x) is the smallest distance

Di(x) = min
j∈1,2,...,W

{
D j(x)

}

This is quite intuitive, but we will use
discriminants di(x) instead, to mini-
mize the number of computations:

di(x) i = 1, 2, . . . ,W

Class wi is selected for a feature vector
x, if

di(x) > d j(x) j = 1, 2, . . . ,W; j , i

The same class j that minimizes the
Euclidian distance, maximizes the dis-
criminant function

d j(x) = xT m j −
1
2

mT
j m j
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27.1.127.1.1 Finding the decision boundaryFinding the decision boundary
Now the decision boundary between
class wi and w j for a minimum dis-
tance classifier can be described as
the solutions x of

di j(x) = di(x) − d j(x)

= xT (mi −m j) −
1
2

(mi −m j)T (mi +m j)

= 0

Clearly, this is an equation for a straight line,
if the feature space is 2 dimensional, or a hy-
perplane for higher dimensions
This line goes through the midpoint of the
line connecting the centroids of the classes i
and j, because x = 1

2 (mi +m j) satisfies the
equation.
Furthermore, this line is perpendicular to the
line connecting the centroids of the classes
i and j, since starting at x = 1

2 (mi + m j),
the equation stays satisfied as long as the in-
ner product xT (mi −m j) does not change its
value

27.1.227.1.2 Flower exampleFlower example
With Iris versicolor (w1) and Iris setosa (w2), the mean vectors are m1 = (4.3, 1.3)T and
m2 = (1.5, 0.3)T .
Now we get:

d1(x) = xT m1 −
1
2

mT
1 m1 = 4.3x1 + 1.3x2 − 10.1

d2(x) = xT m2 −
1
2

mT
2 m2 = 1.5x1 + 0.3x2 − 1.17

d12(x) = d1(x) − d2(x) = 2.8x1 + 1.0x2 − 8.9 = 0

d12(x) > 0 x belongs to w1

d12(x) < 0 x belongs to w2

27.2 Maximum A Posteriority (MAP, Bayes) classifier
The simplest case is a 1D problem with two classes. Both conditional probability den-
sity functions are assumed to be Gaussian with known means and variances, hence the
discrimination functions are

d j(x) = p(x | w j)P(w j) =
1√

2πσ j
e
−

(x−m j )2

2σ2
j P(w j)

In a more realistic case, the pattern
x, (i.e., the feature vector) is not one
dimensional but n-dimensional Still
the assumption is, that the conditional
probabilities are n-dimensional Gaus-
sian (|C j | is the determinant of C j)

p(x | w j) =
1

(2π)n/2 |C j |1/2
e−

1
2 (x−m j)T C−1

j (x−m j)

The parameters of an n-dimensional
Gaussian probability density function
are the mean vector and the covariance
matrix

m j = Ei j{x} C j = Ei j
{
(x −m j)(x −m j)T

}

These are in practice estimated using
the sample mean and the sample co-
variance matrix

m j =
1

N j

∑
x∈w j

x C j =
1

N j

∑
x∈w j

xxT −m jmT
j

Combined we get the decision function for n-dimensional Gaussian pattern classes

d j(x) = ln P(w j) −
1
2

ln
∣∣∣C j

∣∣∣ − 1
2

[
(x −m j)T C−1

j (x −m j)
]

27.2.127.2.1 MAP classifier with identical covariance matricesMAP classifier with identical covariance matrices
When covariance matrices are equal, the function becomes simpler

d j(x) = ln P(w j) + xT C−1m j −
1
2

mT
j C−1m j

27.2.227.2.2 MAP exampleMAP example

C =
1
16


3 1 1

1 3 −1

1 −1 3

 ,m1 =
1
4


3

1

1

 ,m2 =
1
4


1

3

3


d j(x) = xT C−1m j −

1
2

mT
j C−1m j

d1(x) = 4x1 − 1.5
d2(x) = −4x1 + 8x2 + 8x3 − 5.5

d1(x) − d2(x) = 8x1 − 8x2 − 8x3 + 4 = 0
(Class border(planar))

27.2.327.2.3 Finding the boundry when p(x) is identical for all classesFinding the boundry when p(x) is identical for all classes

MAP boundary between ωi, ω j : p(x | ωi)P(ωi) = p(x | ω j)P(ω j)

This is allowed when p(x) is identical for all classes and cancels in Bayes’ rule. Use this
for equal misclassification costs.

28 Region-Based Features

28.1 Contours as polygons
Contours can be represented by polygons.
List of corner points in clockwise order:
[p0, p1, . . . ,pn−1] pi ∈ R

2

28.1.128.1.1 Hierarchy of ContoursHierarchy of Contours
Useful to describe relations of multiple regions. E.g. cv2.findContours() provides the
following hierarchy of contours for a binary image

28.1.228.1.2 OpenCV: Convex hullOpenCV: Convex hull 28.1.328.1.3 OpenCV: Bounding boxOpenCV: Bounding box

28.1.428.1.4 OpenCV: minAreaRectOpenCV: minAreaRect
The bounding box has one of its edges in
parallel with the object’s convex hull.
1. Compute the convex hull of the cloud.
2. For each edge of the convex hull:
3. compute the edge orientation (with arc-

tan),
4. rotate the convex hull using this orienta-

tion in order to compute easily the bound-
ing rectangle area with min/max of x/y of
the rotated convex hull,

5. Store the orientation corresponding to the
minimum area found,

6. Return the rectangle corresponding to the
minimum area found.

28.1.528.1.5 OpenCV: fitEllipseOpenCV: fitEllipse
Ellipse can be fit to corner points of a poly-
gon. The fitting is the solution of a linear
Least Squares problem.

28.2 Simple descriptors
Simple shape descriptors are based on
• the area of an object
• the length of the perimeter
• minimum and maximum diameter
• area of bounding rectangle

The descriptors are independent of translation, scale and rotation and are easy to compute.

28.2.128.2.1 Perimeter and areaPerimeter and area 28.2.228.2.2 Diameter and areaDiameter and area

28.2.328.2.3 FibresFibres 28.2.428.2.4 ExampleExample

28.3 Area-based descriptors
Are based on area, moments and principal components. The are defined for binary and
grayvalue images. The following example is with image size M × N
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28.3.128.3.1 Object centroidObject centroid
General:

mpq =

M−1∑
x=0

N−1∑
y=0

xpyq f (x, y)

Centroid coordinates:

Mx =
m10

m00
My =

m01

m00

28.3.228.3.2 2D central moments2D central moments
Are independent of translation

µpq =

M−1∑
x=0

N−1∑
y=0

(x − x̄)p(y − ȳ)q f (x, y) x̄ =
m10

m00
, ȳ =

m01

m00

Normalized central moments:

ηpq =
µpq

µ
γ
00

γ =
p + q

2
+ 1

28.3.328.3.3 Hu-momentsHu-moments
Independent of translation, scale or rotation
Φ1 = η20 + η02

Φ2 = (η20 + η02)2 + 4η2
11

Φ3 = (η30 − 3η12)2 + (3η21 − η03)2

Φ4 = (η30 + η12)2 + (η21 + η03)2

Φ5 = (η30 − 3η12) (η30 + η12)
[
(η30 + η12)2 − 3 (η21 + η03)2

]
+

(3η21 − η03) (η21 + η03)
[
3 (η30 + η12)2 − (η21 + η03)2

]
Φ6 = (η20 − η02)

[
(η30 + η12)2 − (η21 + η03)2

]
+

4η11 (η30 + η12) (η21 + η03)

Φ7 = (3η21 − η03) (η30 + η12)
[
(η30 + η12)2 − 3 (η21 + η03)2

]
+

(3η12 − η30) (η21 + η03)
[
(3η30 + η12)2 − (η21 + η03)2

]
28.3.428.3.4 Principal axis of inertiaPrincipal axis of inertia
m10 =

∑
Object

x m20 =
∑

Object

x2 m00 =
∑

Object

1

m01 =
∑

Object

y m02 =
∑

Object

y2 m11 =
∑

Object

x · y

Mxx = m20 −
m2

10

m00
Myy = m02 −

m2
01

m00
Mxy = m11 −

m10 · m01

m00

Angle of principal axis: Θ =
1
2
· arctan

(
2 · Mxy

Mxx − Myy

)
(use atan2( , ) in code!)

28.4 Texture based descriptors
No precise mathematical definition. Three approaches: statistical (histogram moments =
global; co-occurrence = local), spectral (Fourier), structural.

28.4.128.4.1 Co-occurrence matrixCo-occurrence matrix
Determine the frequency of gray value changes according to the relative position of the
pixels and scale with number of histogram. Often the number of gray values is reduced.

Example:
Choose position operators according to texture, results vary.

Descriptor Explanantion Formula

Response of G pi j =
Gi j∑

i
∑

j Gi j

Maximum probability Strongest response of G max(pi j)

Correlation How correlated a pixel is to its
neighbour. Range 1 to -1. Not
defined if σr = 0 or σc = 0

K∑
i=1

K∑
j=1

(i − mr)( j − mc)pi j

σrσc

Contrast Intensity contrast from a pixel
is to its neighbour over full
image. Range 0 to (K − 1)2

K∑
i=1

K∑
j=1

(i − j)2 pi j

Uniformity (Energy) Range [0, 1]. 1 for a constant
image

K∑
i=1

K∑
j=1

p2
i j

Homogeneity Spatial closeness of distribu-
tion. Range [0, 1]. Max when
G is diagonal.

K∑
i=1

K∑
j=1

pi j

1 + |i − j|

Entropy Randomness. 0 when all
pi j = 0, max when all pi j
equal. Max value is 2 log2(K)

−

K∑
i=1

K∑
j=1

pi j log2(pi j)

28.4.228.4.2 Spectral approachSpectral approach
Compute the spectrum of a textured object, a scaled spectrum eliminates dependence on
illumination
S (u, v) = FFT ( f (x, y)) S n(u, v) =

|S (u, v)|√√ m∑
u=2

n∑
v=2

|S (u, v)|2

VII Neural Networks
NNs learn decision functions directly from data — no probability-density (Gaussian) as-
sumption needed.

29 Perceptron
This network uses a single neuron,
called a perceptron. It learns a linear
decision function that separates two
linearly separable trainings sets.
For an n-dimensional input vector, the
hyperplane is described as
w1 x1 + w2 x2 + · · · + wn xn + wn+1 = 0
With the sign function d(x) we get the
following:
• d(x) > 0⇒ Class c1
• d(x) < 0⇒ Class c2
• d(x) = 0⇒ decision boundary

29.1 Two linearly separable classes
The basic idea of the algorithm is that the
pattern vectors of the training set are not pre-
sented all at once but one by one and repet-
itively. In each training step, one of the pat-
tern vectors is used to check the classifier for
correct classification.
The weight vector is only changed, if a
misclassification happens.
The training stops, when there are no more
misclassifications for all training samples
(pattern vectors).

29.2 Two linearly inseparable classes
We can’t find a weight vector to separate classes, this is by defintiion not possible.

We try to minimize some squared error (r repre-
sents the desired response, r = +1 if y(k) belongs
to c1 and r = −1 for c2)

E(w) =
∑

k

(
r − wT y(k)

)2

Minimizing the weight works in principle but it is complex and memory hungry.

29.2.129.2.1 Stochastic Gradient Descent (SGD)Stochastic Gradient Descent (SGD)
The basic idea is to simplify the algorithm by still considering only one pattern vector at a
time and to correcting the weight vector
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The weight vector w is corrected such that the error J(w) gets reduced

J(w) =
1
2

(r − wT y(k))2

30 Multilayer feedforward NN
Stacked perceptrons with smooth activations
⇒ multiclass, nonlinear boundaries.
Hidden layers use ReLU (non-vanishing
gradient ⇒ faster); output uses soft-
max/sigmoid.

input x

hidden (ReLU)

output

softmax

ReLU sigmoid

30.1 Forward pass
Computing the network outputs for an input
vector x, is denoted forward pass (weights
and the biases must be known )
The components of x are for consistency de-
noted as the outputs of layer l = 1

The pre-activation of neuron i in layer l is a j(1) = x j j = 1, 2, . . . , n1

Then the output of neuron i in layer l is calculated
by running the pre-activation through the activation
function

zi(l) =
nl−1∑
j=1

wi ja j(l − 1) + bi(l)

Evaluations are done for each layer l so that the fi-
nal outputs are obtained

ai(l) = h(zi(l)) i = 1, 2, . . . , nl

30.2 Matrix formulation
The outputs of layer 1 are the components of input vector x, i.e. a(1) = x

Given the proper definition of the weight
matrix

W(l) =



w11(l) w12(l) . . . w1nl−1 (l)

w21(l) w12(l) . . . w1nl−1 (l)
.
.
.

.

.

. . . .

wnl1(l) wnl2(l) . . . wnlnl−1 (l)


The pre-activations can be written as a
matrix vector multiplication and a vec-
tor addition

z(l) =W(l)a(l − 1) + b(l) l = 2, 3, . . . , L

Finally, the activation of the element-
wise activation functions, such as ReLU
and sigmoid are applied component-
wise

a(l) = h[z(l)] =


h(z1(l))

h(z2(l))

. . .

h(znl (l))


30.2.130.2.1 Mini BatchesMini Batches
During training, the forward pass is usually calculated for a mini-batch of np input vectors.
This is different to the single input vectors handled in each iteration of the stochastic gra-
dient descent algorithm (delta rule).
The vectors of a mini-batch are concatenated column wise to create an n × np matrix X,
where n is the dimension of an input vector and np is the number of input vectors in the
mini-batch
This concatenation then results in concatenated pre-activations and activations but every-
thing else stays the same

30.3 Backpropagation

Loss E =
1
2

∑nL
j=1(r j − a j(L))2

Define δ j(L) =
∂E

∂z j(L)
= · · · =

∂E
∂a j(L)

h′(z j(L))

With the sigmoid function we get
δ j(L) = h

(
z j(L)

) [
1 − h(z j(L))

] [
a j(L) − r j

]
The idea is to then work from L to L − 1, then from
L − 1 to L − 2, and so on

30.3.130.3.1 Matrix formulationMatrix formulation

30.4 Softmax output
For class-posterior outputs use softmax (not element-wise): hSM,i(z) = ezi/

∑
k ezk (sums

to 1). With one-hot labels and cross-entropy loss L =
∑

i ri log 1
a(L)

i
, the output delta is

simply the negative error: δ(L) = a(L) − r. ReLU hidden + softmax/CE output learns
much faster than sigmoid+MSE everywhere (XOR: solved in ∼ 10 epochs vs. thousands).
Initialization: He (ReLU), Xavier (softmax/sigmoid). A 3-layer NN trained with SSE ap-
proximates the Bayes decision as #samples→ ∞ (multispectral example: NN 95.6–96.5%
vs. Bayes 96.2%).

VIII Convolutional Neural Networks (CNN)
For multidimensional (image) data; the network learns its own filters at multiple abstrac-
tion levels — no hand-crafted features.

28×28

input

24×24

conv

12×12

pool

8×8

conv

4×4

FC

10

31 Neural computations in a CNN

The convolution value at any point
(x, y), where l and k span the dimen-
sion of the kernel w

w ⋆ ax,y =
∑

l

∑
k

wl,kax−l,y−k

Assume w is 3×3, then this equation
expands into the expression

w ⋆ ax,y = w1,1ax−1,y−1 + · · · + w3,3ax−3,y−3

Going from a 2D indexing to a 1D
indexing i = 3(l − 1) + k. Hence
the convolution can also be written
in this fashion

w ⋆ ax,y = w1a1 + w2a2 + · · · + w9a9 =

9∑
i=1

wiai

To get the usual NN summation for
the pre-activation z, a bias is added

z =
9∑

i=1

wiai + b = w ⋆ ax,y + b

The activation is calculated by run-
ning the pre-activation through the
activation function

a = h(z)

Convolving the receptive field of the input image with the learned 2D filter weights and
then adding a learned bias before running the result through an activation function, is iden-
tical to the steps performed in a fully connected neural network.
What is different though is the fact, that the same learned weights/bias are used for all the
pixels in a given feature map

32 Forward pass

Using a layer notation again, the pre-
activation in a given layer l at a given pixel
(x, y) can be calculated

zx,y(l) =
∑

l

∑
k

wl,k(l)ax−l,y−k(l − 1) + b(l)

33 Backpropagation
The forward pass is very similar to fully connected NN’s.
For backpropagation, the kernel does NOT dpeend on where it is by (x, y), this is one of
the advantages of a CNN.
The kernel weights are shared for the entire feature map

δx,y(l) = h′
(
zx,y(l)

) [
δx,y(l + 1) ⋆ rot180(w(l + 1))

]
34 Math-Stuff
- Derivative definitions from second lecture
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34.1 Trigonometry

α 0
π

6
π

4
π

3
π

2
2π
3

3π
4

5π
6

π
7π
6

5π
4

4π
3

3π
2

5π
3

7π
4

11π
6

2π

α◦ 0◦ 30◦ 45◦ 60◦ 90◦ 120◦ 135◦ 150◦ 180◦ 210◦ 225◦ 240◦ 270◦ 300◦ 315◦ 330◦ 360◦

sin(α) 0
1
2

√
2

2

√
3

2
1

√
3

2

√
2

2
1
2

0 −
1
2
−

√
2

2
−

√
3

2
−1 −

√
3

2
−

√
2

2
−

1
2

0

cos(α) 1

√
3

2

√
2

2
1
2

0 −
1
2
−

√
2

2
−

√
3

2
−1 −

√
3

2
−

√
2

2
−

1
2

0
1
2

√
2

2

√
3

2
1

tan(α) 0

√
3

3
1

√
3 ±∞ −

√
3 −1 −

√
3

3
0

√
3

3
1

√
3 ±∞ −

√
3 −1 −

√
3

3
0

cot(α) ±∞
√

3 1

√
3

3
0 −

√
3

3
−1 −

√
3 ±∞

√
3 1

√
3

3
0 −

√
3

3
−1 −

√
3 ±∞

34.2 Crossproduct

a × b =


a1

a2

a3

 ×


b1

b2

b3

 =


a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1



wenn a3 = b3 = 1, dann gilt: a × b =


a2 − b2

b1 − a1

a1b2 − a2b1


34.3 Trace of a matrix

A =


a b c

d e f

g h i

 tr(A) = a + e + i = sum of Eigenvalues

34.4 Inverse of a 3 × 3 matrix
For a general matrix

A =


a b c

d e f

g h i

 ,
the inverse is

A−1 =
1

det(A)


ei − f h ch − bi b f − ce

f g − di ai − cg cd − a f

dh − eg bg − ah ae − bd

 ,
with

det(A) = a(ei − f h) − b(di − f g) + c(dh − eg).

The inverse exists only if
det(A) , 0.

Shortcut with column vectors: If the matrix is written with its column vectors

A =
[
a b c

]
,

then
det(A) = aT (b × c).

The inverse can be written as

A−1 =
1

det(A)


(b × c)T

(c × a)T

(a × b)T

 .
This is often easier to remember: the rows of A−1 are cross products of the other two
columns.
Useful special case: camera intrinsic matrix: For

K =


fx 0 cx

0 fy cy

0 0 1

 ,
the inverse is

K−1 =


1
fx

0 −
cx
fx

0 1
fy
−

cy
fy

0 0 1

 .

Useful special case: pure translation homography: For

H =


1 0 tx

0 1 ty

0 0 1

 ,
the inverse is obtained by changing the sign of the translation:

H−1 =


1 0 −tx

0 1 −ty

0 0 1

 .
For line mapping by a homography, use

ℓ′ ∼ H−T ℓ

with
H−T = (H−1)T .

34.5 Eigenvalue shortcut for 2 × 2 matrices
For a symmetric 2 × 2 matrix

M =

a b

b d

 ,
the eigenvalues λ1, λ2 satisfy

tr(M) = λ1 + λ2

and

det(M) = λ1λ2.

Therefore, for many classification tasks it is not necessary to compute the eigenvalues ex-
plicitly.
Important shortcut: If

det(M) = 0

and

tr(M) > 0,

then one eigenvalue must be zero and the other one must equal the trace:

λ1 = tr(M), λ2 = 0

because

λ1λ2 = 0, λ1 + λ2 = tr(M).

Application to Harris corner detection: For the Harris matrix

M =
∑

i

 I2
x,i Ix,iIy,i

Ix,iIy,i I2
y,i

 ,
the eigenvalues describe how much gradient energy exists in independent directions.

λ1 ≥ λ2 ≥ 0

Useful exam check: If

det(M) = 0 and tr(M) > 0,

then the matrix has only one nonzero eigenvalue. Therefore the neighbourhood is classified
as an edge, not a corner.

det(M) = 0, tr(M) > 0⇒ edge

• Homogeneous pt x̃ = λ[x, y, 1]⊤; inhom. x =
x̃1/x̃3.

• Line l̃ = [a, b, c]⊤, ⟨x̃, l̃⟩ = 0.
• Cross product as matrix: a × b = [a]×b.
• SVD A = UΣV⊤; Ax = 0⇒ x = vmin (smallest
σ).

• Rotation R−1 = R⊤, det R = 1.

• Rigid motion inverse: T−1 =
[ R⊤ −R⊤ t

0 1

]
.

• Calibration K =
[ fx 0 cx

0 fy cy
0 0 1

]
.

• Epipolar x̃⊤2 E x̃1 = 0, E = [t]×R.

• Depth z = b f /d; σz =
z2
b f σn.

• Softmax σi = ezi /
∑

k ezk ; CE grad = a − r.
• Sigmoid h′ = h(1 − h); ReLU h′ = ⊮[z > 0].
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