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1.1 General

0 f,y)<T
255 flx,y)>T

0 fx,y)<T

o Single threshold, i.e. g(x,y) = {

e Multiple thresholds for mult. objects, i.e. g(x,y) =128 T < f(x,y) < T,

255 f(x,y) =T
1.1.1 Color based clustering

Colors are represented with 3D vectors (R, G, B).

Color segmentation is done by defining k cluster centers m; and assigning each color pixel
the closest center value. These clusters could be geometrically disconnected on a picture,

since pixels with the same color belong to the same cluster.

1.1.2 Region based clustering

Pixels belong to the same cluster if a combination of color distance and spatial distance is

below a threshold.
1.1.3 Noise in thresholding

Noise impacts threshold levels and how they need to be placed. Left is noiseless, middle is
Gaussian noise and 10 intensity levels, right is Gaussian noise and 50 intensity levels.

1.1.4 Illumination, reflectance in thresholding

Illumination and reflectance impacts threshold levels and how they need to be placed.
Left is a noisy image, middle is intensity ramp from [0.2, 0.6], right is product of both.
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1.2 Otsu’s method (global)

Di L different intensity values i exist:
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Conditional probability (Bayes’ theorem):
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1.2.1 Simplified evaluation
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Global variance: 0'26 = p@) - (i— m(;)2
i=0
L-1
Global mean value: mg = Z i-p(i)
i=0

Find the highest o-% for the ultimate threshold k = arg ml?x {o%(k)}

1.2.2 Separability measure

Classes are easily separable and compact when o’%v(fc) < 0'%;. Separation is not possible,
when they are equal.

oiy oph)

nky:=1- = > 0<---

G 96 0

1.2.3 Improvements

perfect separability

no separability

Smooth image first (reduces noise); use edges to mask the histogram (only count pixels
on/near edges) when foreground objects are small.

1.3 Basic method (iterative)

Alternative to Otsu’s method, a simple iterative procedure. 7 is the threshold variable, like
k in Otsu’s method.

1

Initialize the threshold with
the global mean intensity. Use
the histogram counts n; of all
gray values i.

Split the histogram into two
classes using the current
threshold. ~ All gray values
below or equal to the threshold
go to class Cy; all gray values
above the threshold go to class
C.

Compute the mean gray value
of each class. The histogram
counts n; are used as weights.
Empty classes are not allowed.

Update the threshold. The new
threshold is placed exactly be-
tween the two class means.

Repeat the split and update
steps until the threshold no
longer changes significantly.
For discrete histograms, it is
often enough to check whether
the class split stays the same.

1.4 k-means clustering

color axis 1, e.g. red

Initialize a set of means:

Cr={i|li<T"}, Cy={ili>T"}

= Yiec, i

() _ iec, i
! iec, Mi

, my
2iec, Ni

(r) (r)
T+ _ myT+m,

7D 70| < AT

Each pixel is in a set of color vectors
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g = 3@%%%: Q::{z1,zz,,..,zq}

5 e, o 2% og Partition the set Q into k < Q disjoint clus-

R T A .

¢ 3 7T LF v ter sets C := {C1,C3,...,Cy}

S 2 vy 000 The cluster centers of the sets C; are

(723

= o cluster1 S 0 o, o —
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2 v cluster3 @800 0, k

© 0= % clustercentersm,m,m, ° . 2
. i : = argmin| > 3" flz—m|
-2 1 0 1 2 3 C = C

= i

m;(l), i=1,2,...,k

2 Assign each sample to closest cluster set ~ z, — C; if |lz; — mil® < [lz, — mj|?
mean: j=L2,... k(j#1i);
q=12,...,0
1 .
3 Update cluster center means: m; = F Z z i=1,2,...,k
|Cil =
k
4 Test for completion with residual error:  E = [jm; — m,;l,revi(,usll2

Stop if E is small enough, else go back i=1

to2

Optimizes Within-Class-Variance just like Otsu’s and Basic Method
Class-borders can be more general than just parallel to color axes
The algorithm can be used to cluster any type of vectors not just color

+ 4+ + + +

An arbitrary large number Q of classes is allowed

— Not guaranteed to converge to the optimal solution

Computationally more efficient than Otsu, for vectors that have more than 3D



— Solution depends on starting values

— k needs to be known upfront

— The class borders are limited to convex shapes

— Pixels with color outliers (pixel err. of camera) will have a strong effect on the outcome

1.5 Comparison
1.5.1 Otsu’s method

o Minimizes the Within-Class Variance
e Good for binary thresholding
o Provides optimal solution in one complex step

1.5.2 Basic method

o Minimizes the Within-Class Variance
e For binary thresholding
o [terative algorithm, not converging to the global optimum in general

1.5.3 k-Means

e Minimizes the Within-Class Variance

e Generalization of Basic Method to color- and multidimensional-clustering

e Iterative algorithm, not converging to the global optimum in general

e Good initialization of the cluster centers is key, consider the algorithm known as
k-Means++

2 Region based segmentation

2.1 Splitting and merging

Split an image into a set of arbitrary disjoint regions R and merge or split to remove unjus-
tified regions. L.e. Gmax = 6, Gpin = 1

111115 1 1]1|5 11
1121515 1 2|5|5 1 2
1124 1|5 1 2|45 1 2
111166 1 1|6 |6 11
Jxy) split merge
TRUE  |Guax — Gminl < 1
Q(R)={ | : =
FALSE otherwise
2.1.1 Quadtree
Ry Ry
Ry | Ry
R;
Ryz | Ry

1. Split into for disjoint any region R; for which Q(R;) = FALSE

2. When no further splitting is possible, merge any adjacent regions where
OR;URy) =TRUE

3. Stop when no further merging is possible

2.2 SLIC - Simple linear iterative clustering

k-Means ignores neighbourhoods and creates fringed segments. SLIC takes the neigh-

bourhoods into account by augmenting the color vector z with the pixel coordinates (x, y):

z=1[r, g b, x, yI"

A suited distance measure D allows to weight color distance d. and geometric distance d
dy

separately:
2 211/2
+
J (2]

D= ( de
dz?m
1/2 12
de=|(rj=r? + (g5 =g + (b —b)*| T dy =[x = x)* + (v —3)?]
The algorithm is identical to k-Means (siehe 1.4). SLIC is mainly a preprocessing step
for other algorithms, for solving the stereo matching problem and for image feature detec-
tion.

3 Edge detection
3.1 General

Defined as abrupt intensity change, either at a point or a line, creating an edge

3.1.1 Derivatives

£ (intensity ramp) e First-order derivatives highlight edges of
an image

highlight fine

details, such as thin lines, isolated points

j *
and noise

. produce a

S (edges) double-edge response at ramp and step
transitions in intensity
o The sign of a derivative tells, whether the

edge transitions from dark to bright or

vice versa
3.1.2 Gradient operators
Roberts mask
Single 2x2 mask, used for detecting diago- af
nal lines. Misses a central point and has no 9: = 5y = (20— 25) 1] 001
smoothing built in, badly approximates the _of _ (25 — 7) oj1][1]0
continuous differentiation, see also problem Yoy Roberts
10.1 in Gonzales a. Woods
Prewitt mask
A 3x3 mask is the smallest mask with a clear cen- vertical  horizontal
ter
O 1 -1 A1 0]1
- +
1*1*[+1+1+1]=000 0jo0j0j]-1]0 1
+ +
+1 +1 +1 T[]0 1
Prewitt
Sobel mask
By far the most popular one
4 -1 -2 -1 “Al-2(-1]/-1]0 1
0 ]}*[+1 +2 +1]= 0 0 0 olololl-2/0|2
+
+1 42 +1 10201101
Sobel

3.1.3 Derivative approximations

Finite differences approximate derivatives from neighbouring samples of a discrete signal
or image. Let the sample spacing be Ax.

Forward difference: The one-sided forward difference uses the current and the next
sample:

_fe+ A - f)

f'@) Ax

The approximation error is

O(Ax).

So it is a first-order approximation.
Backward difference: The one-sided backward difference uses the current and the pre-
vious sample:
(x) - f(x - Ax)
f(0 = %
X

The approximation error is also

O(Ax).
Central difference: The two-sided central difference uses the previous and the next
sample:
S +Ax) - fx-Ax)
- 2Ax

')
The approximation error is
O(AX?).

Therefore, the central difference is usually more accurate than the one-sided forward or
backward difference.

3.2 Point detection

The second derivative is a measure of curvature and thus sensitive to isolated points

2nd derivative along vert. axis % = f+ Ly + flx—1,5) = 2f(x,Y)
2nd derivative along hor. axis 02];(7);’” fo,y+ D+ fl,y — 1) =2f(x,y)
Sum of them V2 f(yx, y) = flx+Ly)+ f(x—-1y)
+  fy+ DA+ flny-1D-4f(xy)
0(1]0 11111 111
11]-4 1/-8/1 118 |-1
0(1]0 11111 10111




3.2.1 Laplacian mask

Detects an isolated point when the absolute
value of Z exceeds a threshold T

Z(x,y) = f(x,y) * h(x,y)

1 if|Z(x,»|>T
0 otherwise

g(x,y) = {

(Set threshold T relative, i.e. in %)

3.3 Line detection

Also uses the second derivative and therefore the Laplacian mask. Usually only parts above
a certain threshold are kept, otherwise two lines could be detected, at the beginning and at
the end (also called double response).

3.3.1 Wide lines

Wide lines, wider than the mask, will get detected twice = The line needs to be thin com-
pared to the filter.

3.3.2 Discrete Laplacian mask

The continous Laplace mask is perfectly isotropic. Should a line with a known direction be
detected, you can use special (discrete) masks. Angles are with respect to the axis system
X: 1, Y: =)

-1

-1
-1
2

2 1
-1

-1

-1
-1

-1 -1
2122
111141

Horizontal

1] 2
-1

-1

-1
2
-1
+45°

3.4 Noise mitigation
3.4.1 Sensitivity

Derivatives are sensitive to noise and results
in less obvious features, even when the noise
is almost invisible.

Therefore the image usually needs to be
low-pass-filtered before a derivative based
edge detection scheme can be sucessful.

First column: Ramp edges, corrupted with
Gaussian noise of zero mean and deviations
of 0.0, 0.1, 1.0 and 10.0

Second column: First derivative images
Third column: Second derivative images

0
/ e

wiiad

Sobel and Prewitt masks already have some
built-in smoothing

3.5 Gradient based edge detection

Since first order derivatives are helpful, it’s easy Py %
to combine the partial derivatives into one value Vf = grad(f) = l *j =
— the magnitude of the gradient 8y %

The gradient vector points into the direction of
greatest change, while the magnitude is the value
of the rate of change in this direction.

My = IVf@l = &+

M(x,y) ~ |gx| + lgyl
The direction is defined as the angle enclosed be-

4 Local algorithms
4.1 Canny Edge detector

More complex, but also more powerful than the previous ones. Built to indentify one pixel
wide edges.

4.1.1 Summarization

Smooth the input image with a Gaussian filter

Compute the gradient magnitude and angle images

Apply nonmaxima suppression to the gradient magnitude images

Use double thresholding and connectivity analysis to detect and link edges

4.1.2 Nonmaxima suppression

—-157.5°

+157.5°

Since only 4 directions are natural in a 3x3
neighborhood, round the calculated gradi-
ents to the nearest of these four directions.

+45%dge

—112.5° +112.5°

~— Vertical edge

—675° +67.5°

—45%dge
+22.5°

Horizontal edge

4.1.3 Double thresholding and linking

Set two thresholds:
e Ty for values that are almost certainly SNH () = 0

true edges
e T for values high enough to filter out 1
0
contains the weak ones

if gv(x,y) > T
else

if Ty > x,y)>T
noise but much lower than Ty (2 to 3 gnr(x,y) = 1> enxy) 2 TL

times), likely still true edges but also
possibly erronous edges

else

In gy (x,y) are now the strong edge pixels, while

Run a connectivity check:

1. Locate the next unvisited strong edge pixel p in gng
2. Mark all weak pixels in gy around p as valid

3. Check, if all strong edge pixels have been visited

4. Set all invalid pixels in gyy, to zero

-

— anu(x. y)

— gne(x, )

— valid edge
pixels

4.2 Canny inspired algorithms

e EDLines and LSD for straight line detection
o Arc Support Lines for ellipse detection

5 Global Algorithms
5.1 Hough Transform

Idea: Identify lines on an image by checking how the pixels match with each possible
straight line (template matching)

5.1.1 Parametrization

Points (x, y) on a line satisfy the equation y = ax + b with in-
clination a and offset b. a however could assume arbitrarily
large values.

= Define the line normal with (p, 6) with the following prop-
erties:
e Only two parameters for every line
o Parameters have finite values
e Parameters in defined intervals, if the line intersects the
image area

1

5.1.2 Matching algorithm

cos(6)

] = xcos(f) + ysin(6)
sin(6)

1
0 else

if point is on line

Check with L how many points of the image L(x,y,p,0) = {
are on the line

M-1N-1
dp,0)= Y " fxy) - Lxy,p.0)

x=0 y=l

’,6) = arg max {d|
', 8) g«w){

Count the number d of nonzero points on the
image that lie on the line (p, 6)

The combination (p, 6) with the highest score
d describes the line with the largest number of
pixels on the image

(0, 0)}

Compromise for Ap, AG:

tween the x-axis and the vector, while the vector &
is orthogonal to the edge. a(x,y) = tan” [E]
X
Masks for horizontal and vertical lines Masks for diagonal lines, i.e. +/ — 45°
g [-1]1]1 g |-1]0 |1 o|1/11|/-1/-1]0
0|0 |0 110 |1
“1/0|(1]-1]0[1
111 |1 110 |1
-“11-1/01|0 1
3% 3 is the smallest mask with a clear center. Prewitt
All here are non-isotropic 0 2 21110
“A(0(11]/1]0
2|10/ 0 2
Sobel

5



Smaller steps require more evaluations — greater computational effort

5.1.3 Accumulator cell A(i,j)

Plotting every nonzero product into an accumulator cell gives the Hough transform for
every line with (p;, 6;) that matches on x, y.

When you plot this transform for two seperate points, the values where they intersect shows
the (p, 0) for the line intersecting these two points:

y u" g P 0 )

Prmin '
o\ /

(Tm, Ym)

p = @ cos(0) + Y sin(6)

p Pmax|

Tny Y
S p =, c08(0) + yy sin(6)

5.1.4 Hough tran§form example
A

Given points:
Loo . 00090
2. (0,100) ‘
3. (50, 50)

4. (100, 0)

5. (100,100)

roh in pixel

-150

-80 -60 -40 -20 0 20 40 60 80
theta in degree

5.1.5 Properties

+ Efficient implementation of template matching
+ Optimal for known templates and white gaussian noise
— Short and interrupted lines capture noise of unnecessarily many image pixels

5.1.6 Extensions

Circles could be found as well with the same algorithm and
x-c+(-) =c3

where c3 is the radius and (cy, ¢) define the circle center.
The parameter space is now 3-dimensional and therefore more expensive.

5.2 RANSAC (RANdom SAmple Consensus) for circles

Find a small disc on an image with a small device. Do Prepressing with gradient magnitude
computation and thresholding.

You’ll get a set of points cluttered around the disc and points outside as outliers.

Find the disc’s center and radius

5.2.1 Parameters

o N° of trials: Each trial consists of three points chosen at random
o Sphere width: Tolerance around circle for points still on circle
e Min. number of inliers: Assume a circle if minimum is reached

5.2.2 Algorithm

1. Randomly choose 3 points
2. Compute center and radius of circle with given points
3. Find points within circle’s Sphere width (inliers)
4. IF number of inliers > min. number of inliers:
1. Compute Least Squares fit = Refined sphere
2. Find inliers to refined sphere
3. Compute the resulting sum of squared errors (SSE)
4. Save number of inliers, SSE, center radius to a Candidate List
5. Find highest inlier count on Candidate List
6. If multiple matches, take smallest SSE of matches

The algorithm prefers large circles

. . . . inlier count
For small circles, replace the inlier count as a matching score with ———
circle radius

5.2.3 Success rate

Probability of at least one trial succeeding s denotes p=1-(1-(1-¢&°"
the number of inlier points required to uniquely define
the model; for line detection, s = 2, for circle detec-
tion, s = 3, for homography detection, s = 4. . Nouttiers

£ being the probability of picking an outlier Noutiiers + Nintiers

__log1-p)

n being the number of trials needed for a given proba- n=—>o> P
log(1 - (1 - &)")

bility

Example:

Desired success rate p  Outlier rate &~ Required number of trials n

1 0 1
0.99 0.01 2
0.99 0.5 35
0.99 0.9 4603
0.999 0.01 2
0.999 0.5 52
0.999 0.9 6905

5.3 RANSAC vs. Hough transform

Common stuff RANSAC Hough transform
Assumption of specific ~ Computationally inex-  Computationally
model pensive expensive

Ident. of model params  Less reliable Reliable

Search for params with
strongest evidence

Returns a single object
over a threshold

Returns multiple ob-
jects over a threshold

Robust against outliers ~ Finds reasonable  Collects evidence and
params and then how  then which one has the
much evidence for highest
them

6 General
6.1 Applications

e Camera calibration

e Motion based segmentation

o Image stitching .
L]
L]

3D object reconstruction
Simultaneous localization and mapping
many more, like bone age estimation

o Object detection / classification
o Pose estimation / tracking

7 Keypoint detection

Detectors for blobs and corners

Adaptation to image category. If necessary, both can be used
Alternative: Dense sampling (keypoints lie on a grid)

Scale matters: a rounded contour zoomed out looks like a sharp corner

Multiscale blob/corner detection
e SIFT (David Lowe 2004)
cv2.SIFTQ

Corner detection
e Harris corner detection (1998)
cv2.cornerHarris()
cornerSubPix()
o Shi-Thomas corner detection (1994)
cv2.goodFeaturesToTrack()
e FAST (Rosten & Drummond 2005)

7.1 Harris corner detection

7.1.1 Principle components

Given a point cloud of N points with co-
ordinate vectors xlf = [xlf, yl’.]T, we want
to know the direction X of the strongest
extension, i.e. the direction X of the prin-
cipal axis.
N < . H
X' == X; X, =X, -X =
N 1 1
i=0 Vi
X1
X2 2
C:=4iB'B, B:= .
xn )7)1 \
T X4
C:=U-A-U U :=[vi, V2] J
a0
A'_[O /12], Ay <4

7.1.2 Requirements to Corner Measure

e Define a corner measure R(x,y) for a region of interest (ROI)
e Move the ROI over the image and test if the corner measure exceeds a threshold T
e The corner measure must respond in the following way to the three situations:

1. homogeneous region —  measure < T
2. region with an edge —  measure < T
3. region with a corner —  measure > T



1 2, 3.
(-\’yy."n)
(x4.0) (¥g.v0)
7.1.3 Point cloud, weighted gradients
Choosing a ROI with hard transitions is usually bad, as it
would result in a corner measure with a flat maxima, instead (20, o)
0y Yo

of a unique maximum.

A smooth transition is better:
h(xo —x,y0 — 1)

h(x,y) = e

We define the gradient vector

fx(x,y)] ) [@]
Hxy) ‘9%’;”

To determine if the coordinates (x,y) be- h(x—s,y—1)
long to a corner, we consider the gradients p(s, 1) = e (=) /40?
weighted with A, which is Gaussian

g(x,y) = l

Resulting in the weighted gradients v(x,y,5,0) = h(x—s,y—1)-g(s,0)

Depending on the gradients that are considered by the Gaussian weigthing kernel, the
pointcloud has a different distribution and eigenvalues.

To identify the eigenvalues and eigenvectors, the centroid does not need to be removed
first, unlike in principal component analysis

Flat Straight Corner

“dee

Blob

A,z large
A, large

Az large -
A large

A, small
A,small

A, large
A small

1, 125

(xayg)

(xay0) (Ceoyo)

4 o/ (cayo)

'

7.1.4 Covariance matrix of pointcloud

M(x,y) = Z v(x,y, s, t)vT (x,y,8,1)

st

= D h(x = s,y = (s, Dh(x = 5,y = g’ (5,1)

= D hx= s,y =7 g(s, g’ (5.1)
2 L
5,1)

= R (x,y) * A(x,)

12

Sefy

M(x,y) := w(x,y) * A(x,y) =w *

fxfy]
17

with w(x, y) = h2(x, y) = e~ "/20°

7.1.5 Corner detection

As shown before, the eigenvalues could be used to determine corners:

A1 >22=>0
Case Eigenvalue comparison  Interpretation
Flatregion A3 ~0, A2=0 No significant intensity change in any dir.
Edge A1>0, =0 Strong change in one direction only.
Corner 1>0, A22>0 Strong change in at least two indep. dir.

But Eigenvalues are expensive to compute.
Instead the following can be done:

R(x,y) =014z — k(A1 + 1)
= det(M(x, y)) — kTrace’>(M(x, y))

A corner is detected if R(x,y) is larger than some threshold 7.

The parameter k can be in the interval (0, 0.25], while a good choice is k = 0.06

k helps dampening the influence of an overly big 4, to give a false positive, like an edge or
an overly blunt corner.

[Harris and Stephens (1988)]

7.1.6 Improvements

To find more corners for an image, create versions of the same image but with decreasing
size.

7.2 FAST corner detection

(Features from Accelerated Segments Test)
A feature is detected at the center C if
o circle of 16 pixels surrounding C
e contains 12 contiguous pixels that are
below or above a threshold intensity ¢ of
the center pixel

+ very fast — less discriminative than Harris corner detector

+ low memory requirements

8.1 General

A feature describes the image patch around a keypoint
Features are made invariant to
e Scaling
e Rotation
o Intensity (illumination, brightness)
e Moderate perspective change (warping)
Many different feature descriptors have been developed: SIFT, SURF, BRIEF, BRISK, ...

8.1.1 Scale

Figure 1. Multi-scale Oriented Patches (MOPS) extracted at five pyramid levels from one of the Matier images. The

baxes show the feature orientation and the region from which the descripior vector is sampled.
8.1.2 Rotation
e Take square window around detected histogram of angles

feature

Compute edge orientation (angle of the
gradient - 90°) for each pixel

Throw out weak edges (threshold gradi-
ent magnitude)

Create histogram of surviving edge

Image gradients histogram of angles

plotted circularly

8.1.3 Intensity normalization

Take square window around detected feature
and perform intensity normalization (ex-
plained further down). Specifically, the so
called histogram of gradients will be nor-
malized.

8.1.4 Histogram of Gradients (HoG)

N orientation bins. The gradients angle determines
the bin to which the gradients accumulates

Bamusns

50 100 150 200 250 300 350 400 450 500



8.2 SIFT features

(Scale Invariant Feature Transform)

e Associate an orientation to each detected

keypoint "

A square patch with the associated orien- [

tation is considered around the detected

keypoint

o The square patch has 16x16 pixels

o A HoG is computed for subsquares of

4x4 pixels

Gradient values are asigned to 8 orienta- | 3¢-

tion bins. Bins have an 8-bit counter ;]é.
g

’ \
12| Gradients ¥
4t nl16 x 16

region l
® = Keypoint

_};{._H"'

S-directional histogram (the
bins are multiples of 45°)

16 histograms per keypoint with 8 bins
— 128 entries = 128 bytes per feature X

vector

¥ ek bk 2
¥k e 2 1

Keypoint descriptor = 128-dimensional vector

8.3 Other descriptors

8.3.1 Different approaches and algorithms

SURF (Speeded Up Robust Features) [Bay, Van Gool,2015]

BRIEF (Binary Robust Independent Elementary Features) [Calonder, Lepetit, 2012]
BRISK (Binary Robust Invariant Scalable Keypoints) [Leutenegger, Siegwart, 2011]
FAST (Features from Accelerated Segment Test) [Rosten, 2005]

SIFT (Scale Invariant Feature Transform) [Lowe, 2004]

FREAK
Fast Retina
Keypoint

BRISK

Binary Robust
Invariant Scalable
Keypoints

BRIEF

Binariy Robust
Independent
Elementary Features

()

8.3.2 Trained descriptors

e LIFT (Learnt Invariant Feature Transform) [Moo, 2016]
o Implicit in CNNs (Convolutional Neuronal Network)
o Super Glue, light glue, disc,

8.3.3 Selection criteria

Performance for the given image material
Computational time

Memory requirement

Availabilty (Library, Ease of Implementation)

An object is described by a set of local features. Feature matching means finding a refer-
ence image within a query image.

9.1 Matching metrics

Denote the feature vectors from the reference image with \/] jelo,M—-1]

Denote the feature vectors from the query image with Wi ie[0O,N-1]

Eucledian distance between features
The smaller the Eucledian distance, the better the match

9.2 Brute Force Matching

The brute force matcher yields the match. Le., per reference feature there will be one match
to a query feature. A query feature can be matched by zero, one or more reference features.
Only if the distance d;,j is below a threshold ©, the match is accepted

dij=1Ivj—will2

True positives = # of correct matches that exceed the threshold ®
False positives = # of false matches that exceed the threshold ®
False positive matches are called “outliers”

Ng is the number of Euclidean distance evaluations, N, is the
number of features in the query image, and N, is the number
of features in the reference image.

If the full distance matrix is computed, then N, is zero, since
crossmatching can be read from the distance matrix without
additional computations.

9.3 Outlier rejection

The cause of false positives or outliers is that feature descriptors can be similar even though
the describe unrelated regions

Human made objects often show multiple features that are almost identical, see the images
below

Hence, making a feature descriptor more precise cannot eliminate feature ambiguity
Thus, ambiguous features should be detected and sorted out.

Query image

Reference image

9.3.1 Ratio test

Assuming the feature v matches roughly the same with w and w’.

The ratio test searches the best match w and the second-best match w’ and evaluates the
v—wl _ _ dpesr 0<1

ratio r :=

. ”V - W’”2 . dxecondfbest . . . .
Ratios close to 1 or bigger than threshold 6 will be identified as unreliable

9.3.2 Cross check

If the feature v matches best with w, check the opposite as well.
If yes, the match is reliable, otherwise it is ambiguous and gets rejected

9.3.3 Combination

The cross check and the ratio test are redundant to a certain extent. It has been shown
empirically that a consecutive application of both minimizes the false positive rate.

9.4 Efficient matching

Brute Force Matching is expensive (M queries and N reference features, with matrices of
both, optimal result but expensive)
e Replace the optimal or brute force KNN matcher by an approximate nearest neighbor
algorithm (FLANN)
o Different approaches exist for approximate nearest neighborhood algorithms
o The do not provide the optimal match in all cases but with high probability

9.4.1 Minimum Distance Classifier

Each class w; is represented by a mean vector m;. A feature vector x is assigned to the
class with the smallest Euclidean distance:

Di(x) = |lx — my|

i=arg min D;(x)
1
Equivalently, one can use the discriminant function

1
~m! m;

di(x) = x"m; — 7™M

and classify by
i=arg m;'_ax d;i(x).
The decision boundary between two classes w; and wj is given by
Di(x) = Dj(x)
or equivalently
di(x) = dj(x).

Geometrically, this boundary is the perpendicular bisector of the line segment between the
two class means m; and m;.

Optical flow = apparent motion of brightness patterns (ideally the projection of 3D motion
into the 2D image plane); dense = estimated per pixel.

10.1 Brightness constancy & the flow constraint

Assumptions: (1) brightness of a point is constant, (2) small motion. I(x,y,?) = I(x +
ox,y + 0y, t + 6t). Taylor expand =

6Idx+01dy+(91_

dxdt  dydt A
(u,v) = optical flow; I, I, = spatial gradients (Sobel); I; = temporal difference of frames.
One equation, two unknowns.

= Lu+Lv+I=0.

10.2 Aperture problem

Local motion is ambiguous: only the flow component normal to an edge is observable
(1 DOF along the line).

true?

(u.v)

mal

t 1+t
aperture




10.3 Lucas-Kanade

Spatial coherency: assume the same flow for all pixels in a patch (e.g. 5 X 5 = 25 pixels)
= over-determined linear system

L(p1)  Li(p1) I:(p1)
u
v
L(p2s) Li(p2s) Ii(pas)
—_——
B
Least squares: B'B(u,v)! = —B'(I;); solvable iff A = B" B has two nonzero eigenval-

ues (gradient point cloud spans 2D — a corner). Coarse-to-fine pyramids handle large
displacements (the small-motion assumption holds at coarse levels).

11 3D to 2D projection
11.1 General

o Camera with lens
A camera with adjusted optical lens captures the light falling onto its surface and guides
it to a specific location on the image sensor. All captured light rays originating form
the same object point fall onto the same specific location on the sensor.

o Pinhole camera
A pinhole camera just captures the light falling into the small pinhole

o Ideal lens-camera
An ideal lens camera does the same mapping of the 3D world to the 2D sensor as a
pinhole camera

11.1.1 Pinhole-camera model

o Camera origin is the position of
the pinhole o°

Pinhole to sensor distance F'
Position of the object point p¢
Position of the image point x“
Camera coordinate-frame

o]

11.1.2 Inverted pinhole-camera model

We can think of getting the same (e
image with the sensor in front of
the pinhole by assuming that only
those rays hit the origin that pass -

through the pinhole /Oc .
Yy /
e

11.1.3 Centered and inverted pinhole-camera model

Sometimes it is convenient to use a
translated sensor coordinate frame,
so that the center is on the z-axis

(Cas cy)

11.2 Perspective projection

We use the centered and inverted pinhole < 7,
camera model and set F = 1 e L//
The ray from the object point p¢ to the cam- -~

era origin passes through point x° on the sen- / B (er )
sor o, e

The intercept theorem yields the following: <"
e The object point p¢ gets projected onto X x/z
X = Lpeolpeol H = ly/z}
e Notice that x° only specifies the direc- z|; 1

tion of the ray, but not the position of the
object point itself

e The image coordinates X; is the projec-
tion of the point X or equivalently of the
point p¢ to the camera

11.3 Homogeneous image coordinates

X x X5 2 Xs
Corresponding to the image coordinates X;, Xe = |Fy|=ys-2|=|ys| 2
let us define the so-called homogeneous im- X5z z 1

age coordinates

From these we can compute the image coor-
dinates or more specifically, the inhomoge-
neous image coordinates

< Xs 1| Xx
Xy X5 = = = -
Vs Xs,z | Xsyy

Notice that homogeneous coordinates indi-
cate the same image point no matter what
their scaling is. We indicate this equivalence
by writing

In general, homogeneous coordinates are
obtained by adding a dimension with unit
length and by applying an arbitrary scaling

Inserting the definitions from before lets us
interpret homogeneous coordinates as a 3D
vector representing a ray direction

11.4 Lines and points

A point in an image is usually given in inhomogeneous coordinates as

p= -
y

For computations in projective geometry, this point is written in homogeneous coordinates
as

X

p=1y
1

The advantage of homogeneous coordinates is that geometric operations such as computing
lines and intersections can be expressed conveniently using cross products.

11.4.1 Representation of a Line

A line in the image plane can be written as

ax+by+c=0.

In homogeneous form, the line is represented by the vector

a
i=1p|.
c
A homogeneous point
X
p=y
1
lies on the line if
i"p=0
This gives
x

[a b c] y| =ax+by+c=0.
1

11.4.2 Computing a Line from Two Points

If two points lie on the same line, the line can be computed using the cross product of the
two homogeneous point vectors:

T=p1 xp2
Similarly, the intersection point of two lines can be computed by taking the cross product
of the two line vectors:

X = il X iz.
The resulting vector
RY
X= |y



is again a homogeneous point. To obtain the corresponding inhomogeneous coordinates,

one divides by the third component:
2 o
wp

5

Wh

Parallel Lines
If two lines are parallel, their cross product will yield:

T] Xiz =0.

11.4.3 Loss of scale information

A homogeneous vector is invariant to scaling. Hence, p¢ can be reconstructed from X, only
up to scale.

A more intuitive explanation is, that the image only depends on the direction of the light
rays falling into the camera and not on the distance of their origin.

Loss of scale information is an intrinsic property of the pinhole camera model.

11.5 Camera intrinsics

e Focal length F in m

o Pixel spacings sy, sy in m

e Sensor origin coordinates cy, ¢y in pixels
Assumptions:
Rows and columns of the sensor are perfectly equidistant and
orthogonal

. . " 1
Metric point on sensor plane X, = [0
1
Pixel coordinates on sensor plane X, = [8
Pixel coordinates on sensor plane, non-cent. Xg =X} + z"'
"y
1
Camera mapping from 3D to pixel on image Xg = — Ix 0 o p + Cx
z|0 /4 O cy
(fx = F/syand fy = F/sy)
fr 0 o
Expanded to homogeneous coordinates X=10 f, ¢f|p°=K-p°
0 0 1
—_
K

12 3D coordinate transforms

12.1 Coordinate frame

Coordinate frame:
e Basis: Eg = [8x, gy, Co.z]
Le
e Origin: dg
. ~ =
e Coordinate frame: Eg;é’g
Point:
= 2 g - g - g -
P =€gxPxté€gy - Pytegrp;+0g
=1 -
P=Eg ps+0,

¥ | (referred frame denoted as superscript g)

12.1.1 Changing the basis of a point

Rotation is equivalent to 7= v° 7 =Y
changing the basis that is \\ \
used to represent a point \ \
c-Basis \ g-Basis

Recalling from before we have v=El ¥ P=Ew
The matrix denoted as R;, describes the in- yc = E(T “Eg-v8 =RS - V8
tended rotation and is thus a rotation matrix
12.2 Rotation matrix

gc,x ge,xgg, gc,ygg,y Zc,z E,g z Cxx Cxy Cxg
R; = gc,y '[gc,x g(,‘,y gc,z] = g(t,ygg,x ‘?c',}'gg,)' é‘a,yggz =1Cx Gy Oy

i g g
¢z ~ ec,zgg x  €czfgy  €cz€gz Czx  Czy  Czg
N Ey

i

Other rules:

(CHY
R = [e;,x’egvy’e;,z] = (ef..v)T )
(€€)"

C

€

R)TRG =1,

R; = (RS)'

« = Where does the x-axis of g point, written in ¢?

eg,,y = Where does the y-axis of g point, written in ¢?

C

€

12.3 Translation
Translation between two origins:
(General)

(Expr. in c-coord.)

P _ 2 =
feg = Og — O

C — o _of
t(rg - Og —0.

Order of subscripts matters!

12.3.1 Notation
origin of the g-basis

 — expressed in c-coordinates

12.3.2 Rotation plus translation
With p# given, p° = Rg - p¥ + ¢,

. = Where does the z-axis of g point, written in ¢?

expressed in c-coordinates

tC

cg

\\‘ translation of the g-origin

with respect to the c-origin

o+ RE)

=R;- (pg + tfg)
=R (p* - t5.)

12.4 Rigid motion matrix

Usage:

e for transformation of position vec-
tors from one coordinate frame to an-
other

o for representation of the relative pose
between two coordinate frames

o allows very simple inversion of coor-
dinate change

V[ ORS
T¢ = (TE) ‘= [o,oéf()]

13 3D rotations
13.1 Euler angles

A rotation matrix can be factorized into ro-
tations around three cardinal axes e.g. x,y,z
by angles ¢, 6 and ¥

When the angle of the inner matrix ap-
proaches 90°, the rotation axis of the outer
two rotation matrices become aligned. Thus,
the product of the three rotation matrices
suffers a reduction in degrees of freedom:
Instead of three it has only one degree of
freedom. This effect is called “gimbal lock”
To prevent angles near 90° of the inner fac-
tor, it is often possible to sort the three fac-
tors appropriately.

To completely avoid gimbal lock, other pa-
rameterizations for rotation matrices must
be used.

t, |
1

pc = R; ) pg + tgg

-
1 [0,0,0]

B =TS - p*

| ®
~1[0,0,0]

R(p,0.¢9)

1
0
0

Ry(p) =

Ry(0) =

Ry ) =

13.2 Axis/angle Rodrigues’ formula

The image shows a vector v getting rotated around
the axis i by the angle 6 and yielding the rotated

vector u

A _anT
vy =fdh-v) = (hn')v
VL:V—VHZ(I—ﬁﬁT)V
Vx = A XV, =XV =[i]xV
VXX:ﬁXVXZ[ﬁ]ivz—VL

V| = V=V, = V4 ek = (L+[A]2)

u; = cosfv, +sinfvy = (sinG[f]x — cos H[fl]i)v

u=u, +vy = (T+sin6lil + (1 - cos O)[A1) v

cos()

— sin(6)

cos(y)
sin(y)

it

pe = [T e

-R3tg,
1

=R(p) ‘RO -RW)

0
cos(y)
sin(g)

0
~ sin(g)
cos(¢)

0
0 1
0

0

sin(e)j
cos(6)

—sin@y)
cos(¥)
0

0
0
1

0

Rotation matrix with Rodrigues’ formula: ‘ R, 0) =1+ sin0[f]x + (1 — cos 6)[ﬁ]§

10




13.2.1 Rotation vector

The Euler theorem states that any rotation in 3D can be expressed as a rotation around a
constant axis in space around a specific angle.

We describe the rotation axis by a vector i and the rotation angle by the scalar 6. Taken
both together we obtain the so-called axis angle representation for a 3D rotation

Multiplying the two we get the so-called rotation vector | w := 6 - h

The rotation vector is a minimal parametrization of the three degrees of freedom of any 3D
rotation The term minimal representation means that there exists no representation with
viewer parameters.

Unfortunately, this parametrization for 3D rotations is not unique. E.g., adding a multiple
of 360° to any 6 is equivalent to 6.

1 —w; Wy
For small angles 6, Ro- R(w) = T+sind[i)x ~ I+ 0[fi]x = [ w; 1 —w_x}
drigues’ formula yields —wy Wy 1

13.3 Interpreting Rodrigues’ rotation matrix
Consider the two bases RZ; = [ez;,x, eg’y, eg’z] and R¢.

Assume, rotating the c-basis so that it becomes the g-basis, is achieved by rotating it with

the rotation vector w¢

— Al
g = Mg gbeg

This should allow us to write R = R(w¢,) RS = | RS =R(wf,)

This equation allows us to interpret the meaning of a rotation specified by a rotation vector

13.4 Notation for software code

14 Camera matrix

14.1 Projecting points

fi 0 o
We want to project points specified in any X =0 f, ofPp°
coordinate frame to a camera sensor 0o 0 1
N
K
For this we transform a point specified in
. ) pc R¢ t< pl
some local (/)-coordinates to camera (c)- = ! cl|.
coordinates 1 [0,0,0] 1 1
_— — =
p¢ Tf p
. . XsZ fx 0 Cx |
The simple form is ly“ Z] _ [0 5 ol [R/ til] . [I; ]
z 0 0 1
—_——
% P
%, =P¢-p'  with PSeR¥™
Finally homogenous coordinates must be %o x, = = {X’X/icx’z
Vs YS,)'/ys,z

mapped into inhomogeneous coordinates so
that we obtain pixel coordinates

15 Geometric definitions

Formula Identifier Description
- - . ) 15.1 Homogeneous coordinates
0j Origin of coordinate system j
N B B - X is the homogeneous image coordinate of X x fr 0 ¢ X
R; Basis of coordinate system j the projected point. For a point p¢ lyingon  X=w|y[=|7|=|0 f, ¢f- |»
( R’j’ 5]_) Coordinate system j the corresponding camera ray, the vector p© 1 W 0o 0 1 z
is proportional to the ray direction, since the T Y
V; Direction vector or space vector j ray passes through the camera centre.
. . ; sely, th irecti s i r° ~K'x
X Location vector or point in space j Conv;rqe . the ray d{rectlon corresponding
to an image point is given by: fL 0 - ch

R; R_i_j  Basis of coordinate system j expressed in coordi- K'=|0 L &

nates of coordinate system i, R¥>3 0 8 ify
0} o_i_j Origin of coordinate system j expressed in i- J

coordinates 15.2 2D lines
tfj = 03. -0 t_i_ij Direction vector of the translation of coordinate sys- |Implicit line ax + by + ¢ = (%,1) = 0, with I = [a,b,c]™ = A[A", ~d]7, h = normal vector

tem j relative to the coordinate system i expressed in | of line, d = distance from origin.

i i i i — . .

i coordinates, given that 0; = 0 15.2.1 Points on a line
p p_i F’oint coordinate:s of pqint in spglc:a P expressed in ) . 0 1] . . [cos®

inhomogeneous i-coordinates, R Define the orthogonal vector b=, om D= sin(6)
p’ xh_i Point coordinates of point in space 7 expressed in | Compute points Xy = dit + afi)

h ;. : R4XI . . .

omogeneous i-coordinates, Reach any point on the line with aeR

vi= R;vf Coordinate transformation for direction vectors

Vi,Vj c R3><l

Pose matrix for the representation of the relation

from coordinate system j to coordinate system i,
R4X4

Coordinate transformation for location vectors in
homogeneous coordinates p’, p/ € R*¥!

—_— —_——
p' px'

b’ b_i Image coordinates in inhomogeneous i-coordinates,
RZXI

b’ bh_i Image coordinates in homogeneous i-coordinates,
R3><1

K; K__i Intrinsic matrix of the camera i, R3*3

b’ = K;p' Mapping of location vector p’ to homogeneous im-

age coordinates of the camera i

Mapping of homogeneous image coordinates of the

b {52/52]
5/
by/b; camera i to inhomogeneous image coordinates

15.3 Cross product

Intersection of two lines: X = I} x I; Line through two points: 1=% x%.

(With inhomogeneous coordinates you would have to solve a linear system.)

15.4 Points/line at infinity

Parallel lines 1;,I, have the same normal -
vector i but different distances d, d»

Their point of intersection is —

X

ii n| |hg

dy | [ 0 l

The intersection therefore lies perpendicular to the normal vector at an infinite distance
(division by zero)

16 Orthography

An orthography simply drops the z component of
a three-dimensional coordinate p to obtain a 2D
point x.
Orthographic projection, often leads to simpler
computer vision algorithms than perspective pro-
jection.

(e) perspective

(b) orthography

Bi Telecentric Lens

hd iu

Chiet Ry
Lems Image
3 Apertare
-
peical A =)
=
L ]



17 Homography

Left view

- ! .
0,/ \-_j/‘ 0 P

B

Right view

Plane to camera Cam to cam Rotated camera views
17.1 Properties
o Up to 8 degrees of freedom e Linear transformation in homogeneous
o Uniquely defined by 4 point correspon- image coordinates
dences o Invertible unless > 2 of the 4 correspon-

e Maps lines to lines

17.2 Mapping from a planar object

dences lie on the same line

Points with index i on planar object in local /-coordinates

0 0

0 cx] [1
fi o0 1 0
0 1][0 0 1

(=]

Xs,i fx
Vsi| =
1 0

——
%C
i

Ke

Since it is planar, the third column of the ro-
tation matrix becomes irrelevant.
X{ are the points i on the camera image

The factor A can be chosen such that the
lower right component equals 1

0 . .

ol.| Ri ). [pi
[0,0,0] 1 1

0 —

i X;

€ — 7. e c c | gl
X, = 1 Kf [rl,x’rl,y’td] X;

a b ¢
Hi=|d e f
g h 1

For known K: only 6 degrees of freedom — 3 rotation + 3 translation; the parameters are
constrained = can recover calibration parameters (translation, rotation, focal length)

17.3 Mapping from one camera to another

As shown before, we can map a point on a
plane to two separate cameras

Invert the first homography

Inserting it into the second we get

With the total homography matrix

gl=a - H-pt, =1 -H.p*

-1

B ()
€= ()X = H
=W ()

17.4 Mapping between rotated camera views

The camera rotates around the origin. We ex-
press the scene points in the frame of camera 1

With the image point the scene point can be re-
covered up to distance

Inserting this to the first image, we get

§=Kipl 8 =Ko Rip)
Pl = R KK

<l _ . Rl .KZ!.g2 = .
% =4-Ki Ry -Ky'-%7 =H, - %

19 Homography estimation & Pose

19.1 General

Inputs:

e point correspondences (X7, f)f’ )

e If available, calibration matrix K.

To compute:

e If not available, calibration matrix K.

e Camera extrinsic matrix (rel. pose between
object and camera) E;

19.2 Estimating H

e Matrix inversion from exactly 4 correspondences

19.2.1 Matrix inversion

Build equations according to:

Td,1 Tug Yua 1
Y 0 0

estimation

o Least squares from > 4 correspondences (pseudo-inverse AATA)™Y
e Direct Linear Transform (DLT) from > 4 correspondences

Yu,1
Yu,1

—Yu,i

Ty - Td 4 Y

Yud

T4
Yel,1

4

- Yd

1 Td 4
Y, \J

Xxq - (gxy +hy, + 1) =ax, + by, + ¢
Yd - (gxu + hyu + 1) =axy + b,Vu +c

— A can only be inverted, if # unknowns = # equations
— Equations must be linearly independent

19.2.2 Least squares

Instead of solving the equation system exactly, the

least squares solution can be computed e.g. by

computing the pseudoinverse of A.

+ Arbitrarily large number of point correspon-
dences

+ Noise tolerant

— Numerical accuracy sometimes insufficent

19.2.3 Direct Linear Transfrom (DLT)

Axgi a b c| |xu
_ . vq Fui Yui 1
ya,i| = d e f| Yui vl =10 0 o
A g h 1 1 : :
: fus Yua 1
— Ya.4 0 0
H! >

Solving for 6 provides the coefficients of the Homography

y = A6
ATy =ATAp
b= (ATA)" ATy

With the total homography matrix ’ H; =1-K;- R; ‘K !

18 Singular Value Decomposition (SVD)
With Eigenvalue Decomposition, we can decompose any asymmetric matrix M €
R"™™ M = M7 according to

M= VAV withV = [viva...v,],v; e R i = 1,2,...,m

and A = diag(dy, A2, ..., 4y), withreal 4; > A4 > 0.

Myv; = A, V] = arg max [VTMV} s and A1 = max [VTMV}

SVD states that any real-valued m X n matrix A can be written as

oo T
Yo
T . .
Apisen = UlnxpszprXn = [UO .- “p—l] .. R p = min(m, n)
T

Vp_ 1

Op-1

U and V are orthonormal (UTU = I) and so are their column vectors (uju; = v;vj = 6;j).
The singular values are all non-negative and are ordered (0o > 01 > -+ 2 0p-1 2 0).

18.1 Proof of SVD
Let M := AT A with M = VAV and A being a m x n matrix with rank r.
V]T.MV,' = V]T.ATAV,' = /l,'V;V,' = /l,-é,-,j

TAT — T
vjA =oju;,

Given Mv; = A;v; we observe

where 6, is the Kronecker delta function. Av; = oju; with 0'1,2 = A
This returns Av; as orthogonal. Therefore

the orthogonal vectors u; can be defined

u; = 0'1.26,'_/- nonzero if i = j

The scalar products are therefore ,zu/T

It follows that an orthonormal matrix U:= [uo .. .up,l] , p =min(m,n)
AV = UX with X := diag(oy, . .

A =UxV’

can be composed so that 0 p-1)

Right multiplication with V7' yields

12

X1 a b c| |p1
We use the following definition x| =ld e f| |p2
1 g h i 1
—_— — —
% H p
(1) Applying the cross product with the
left side vector yields
X1 th P1 0
Matrix H expressed by row vectors x| X hg p2| =10
1 W |1 0
—_—— ——— ——
X H p
h;
o . of 0" -p" xp’
This gives the following = - 1hy
ol [(p" o —xp”
h3
hIT a b c
With SVD we can use the raw vectors to  H% = 1- hg =ld e f
provide the coefficients of the homogra- n’
K 3 g h 1
phy matrix .
+ Applicable to any homogeneous equation system
+ Arbitrary number of equations
+ Good numerical accuracy
19.3 Line mapping by homography
A point is mapped by a homography as
% ~ HX
A line is represented by
a
=\bl|, '%=0
c
because
x~H'Y
and therefore
H'% =0 = @HTHX =0



19.4 Direct Linear Transform (DLT) for Homography Estimation

A homography maps homogeneous image points according to

£ ~ HX
with
x u hir  hiz hiz
g =|yl, =y, H=|hy hyp hysl
1 1 h3t hy has

The homography is only defined up to scale, therefore

u h11x+h12y+h13

h21x + h22y + h23 .

1 7h31x + h32y + h33
Define

W= h31x + h32y + /133.
Then the inhomogeneous image coordinates are

_ hx+hoy +hi _ haix + hooy + i3
w ’ w '
Multiplying by W gives two linear equations in the unknown homography coefficients:

—(h11x+h12y+h13) =0

= (ha1x + hpy + hp3) =

With the unknown vector

T
h:[hn hiy hs ha hn ha ki ha hn]

one point correspondence (x,y) - (u,v) gives the two DLT rows

[—x -y -1 0 0 0 ux uy u]h=0,

[0 0 0 —x -y -1 v wy v]h:O.
For n point correspondences, all rows are stacked into a system

Ah =0.

Because H has 9 entries but is only defined up to scale, at least 4 point correspondences
are required. With exactly 4 correspondences, the solution is exact if the equations are
independent. With more than 4 correspondences, the system is solved in a least-squares
sense, usually by SVD:

Ah =0, h = right singular vector of A belonging to the smallest singular value.

The vector h is then reshaped into the homography matrix H.
Example: For the correspondence

() =(2,1), (u,v) =(5.4),

the two DLT equations are

0,

—2—1—10001055]h:

[O o 0 -2 -1 -1 8 4 4]h:0.

19.5 Pose estimation

K.
e N
Homography matrix proportional to Lo 0«
camera matrix, orthonormal basic H;} ~10 /i o ~[r;x,r§;y,tzb]
vectors and translation vector T
0 0 1
Xs,i — Cx fr 0 0
Equat;on for c_eIIl-;?regl blmage coordi- |y . — o|=10 £ 0] ,1[ 2 - t, ] }
nates for X,; = Hj - p; ] 0 0 1
Xgi— Cx 0 0
eAsz;l]n(l;lg_ ;Ele_ 1;))ca1 lengths are Ysi—cy|= 1 o0 [rb - rhy’
=D 1 0 1/f
H
hiv hiz s 1 0 0
And then writing it with explicit
components harhay - has)~10 10 [ b Thy tcb]
h31 hz  h3z o 0 1/f
o . . . L0 O] {hu M2 hiz
Multiplying with the inverted diag- .
onal matrix 0 1 Of-lhr hn  hy|~ [rb X b\ t ]
0 0 f] [t ha 133
o . hi hi s
Multiplying the left side we get \
oy o has |~ [I'Z,X,I'Z,y,tﬁb]
Shat fhar o fh3s
Since the first two columns repre-  j,, s + hyjhoy + f2h31hzy = 0
sent orthogonal vectors, we can stip-
ulate | hihi + hathy
Giving us the equation for f /= h31h32

: hi hi s
With the scaling vector A we get 1 hoy ha hos | ~ [r;}"x, r;;’y, tzb]
Shar fha o fh3s
Unit length of first column is set by . Yy . .
A, for the second it is by = [ oz = Tpu X r 2y

This gives us the corresponding rigid motion or pose matrix

R t] )
ES = 0.0.0] : with RY = [r5 8 r¢ |

This method fails (sign of square root for f negative) when sensor is coplanar with object
(h31h3y = 0) or with outliers

19.5.1 Dolly zoom

Large distance + large f = small distance + small f.
Distance therefore can’t be inferred from projected size alone (even with known physical
size) unless f is known.

20 Camera Calibration

Intrinsic parameters describe the inside of the camera (K + distortion); extrinsic describe
relative poses outside.

20.1 Image distortion (intrinsic calibration)
20.1.1 Radial distortion

Lenses are rotation-symmetric: points shift with radius r.

X4,¥4 Image coordinates in
distorted image: center
at (0,0)
XY Image coordinates  in Negative radial distortion Nodistortion Positive radial distortior
undistorted image " “pincushion’ “barrel
x=xq-(L+kir? +kor + k3r® i 2 =22 +y? i
=xq-(L+kir* +kyr” +k3r®)  Mapping forx  r” =x;+y;  Square of radial
distance
y=ya-(1+kir? +kyr* + k3r®)  Mapping for y
20.2 Tangential distortion
X4,y Image coordinates in v m
distorted image: center
at (0,0)
X,y Image coordinates in ‘f
undistorted mage Lens Sensor i D‘IS{OI:YIOT; )
X = Xg + [2p1Xaya + p2(rF + 2x§)] Mapping for x % = xg, + yé Square of ra-
dial distance
Y =Ya+[2p2xaya + p1(? +2y})]  Mapping for y

13



20.2.1 Mapping for radial and tangential undistortion

xa| |2pixaya + pa(r? +2x3)

H =1+ k12 + kor* + ksr) - +
y

ya| |2p2xaya + p1(7? +2y2)

20.3 Other camera issues
20.3.1 Vignetting

'm [ & |

Caused by construction (lense borders, limited aperture)
Correct by scaling the intensity f”(x, y) with a local correction factor A(x, y)

20.3.2 Color

Reason: Countermeasure:
Color specific sensitivity variations form E.g. Calibrate with color pattern as a ref-
chip to chip due to production variability erence to linearize the response of the RGB

Individual nonlinear response of RGB cells cells
20.3.3 Sampling time (Shutter)
Global shutter chip Rolling shutter chip

All pixels are sampled simultaneously

Image rows are sampled sequentially

21.1 Single-view pose-estimation

Input:
e Vectors of markerpoints in object coor-
dinates
o (Camera intrinsic parameters) o
Desired output: ‘
e Camera intrinsic matrix (i.e. calibration
matrix)
o Camera extrinsic matrix (i.e. relativ pose
object/camera)

21.2 Stereo-view depth map

Input:
e Camera intrinsics
o Camera extrinsics
o Left right point correspondences
Desired output:
e Depth map (z-distances of object surface
shown on each pixel)
e Point cloud (3D-coordinates of object
points)

21.3 Stereo-view structure-from-motion

Input:

o Camera intrinsics

o Left right point correspondences
Desired output:

e Camera extrinsics

e 3D point coordinates

Input:

Camera intrinsics (k11, k12, k13, p11, p12), (ka1, k22, ko3, p21, p22), K1, Ko
2 2

Ryt

(X1,%2)

Camera extrinsics

Left to right correspondences
Desired output:
3D position of point in 3D in coordinates of camera 1  p

22.0.1 Stereo projection

Two cameras form a stereo camera. A stereo camera is converging if their cameras view
overlapping regions of a 3D scene

A single point within the overlapping  X; = P’i -p! i=1,2
region is projected to points that can

be expressed in homogeneous image

coordinates

The homogeneous 3D point has four ' € R*\0

components
The projection matrices are P =K;- [R’llt;l] e R>“

(k11 k12, ki3, p11, p12)s
(ka1, k22, k23, p21> p22)

The above model is valid for undis-
torted camera images only. For their
undistortion, the camera intrinsics are
required

22.0.2 Stereo projection errors

The true projections deviate from the ideal projections due to various effects summarized
as noise.

An often used model assumes random
distortions of the inhomogeneous co-
ordinates, so that the distorted coordi-

X =x+n n~NQ©,0%L)

nates are
Here I, is the 2 X 2 unit matrix and the 0'212
covariance matrix of the noise vector
nis

X; + ny
Consequently, the noisy homoge- X;=2|y; +n,
neous image coordinates are 1

22.1 Reprojection error

A good estimate of the 3D point minimizes a suited error measure

The reprojection error e; summarizes
the squared distance between the mea-
sured image point and the image point
that directs towards an assumed 3D
point

‘With the before stated f)l € R4\0, the
sum of the reprojection errors in both
images is

e =K — P} B3

e:= &' — P! plIR + K2 - P2 p' |2

A 3D point is mapped to the image 1 at the

coordinates X' = K; ~p].

The corresponding point on image 2 lies on

the epipolar line .

This means, test if the two image points are

on the same epipolar plane This can be bro-

ken down to two steps:

1. Express the epipolar plane’s normal vec-
tor 7 by point X!

2. Check whether % is orthogonal to

23.1 Derivation Step 1

(R}, 8,)

Express the normal vectors p! and p? by the homogeneous points ! and %>
Recall the identity %! = 4K;p', i=1,2
Ai

for
Notice the unknown nonzero scal-
ing term

We can solve the equation for the

pi=}iK;lxl, for i=1,2
desired point coordinates

We assume two vectors p,ucR3
The cross product of a vector with  pXxp =0
itself is the zero vector
The cross product can be writtenas uxp=1U-p
a matrix-vector product.
0 —u; Uy Uy
U:=uy = u; 0 —ur|u=ju
—Uy Uy 0 u;



To represent 77 in coordinates of camera 2:
Derivation:

n’ = /lt%,l X p2
= /lt%,1 x (R?p! + t§,1)
- 16, xRip!
= /l’i‘prl

iTR%K;‘il
A1
23.2 Derivation Step 2

Test if % lies on the epipolar plane, i.e. if the

23.2.1 Fundamental matrix

The test is satisfied if

Into this equation, we substitute the identities
Finally we get the test formulation

The matrix F% is known as the Fundamental

23.2.2 Essential matrix

With the same equation from before

and the identity

we can express a similar constraint for the ob-
ject point j expressed in two camera coordi-

nates:

Identities used:

2 2.1, 2
p- =Rjp +6
2 2
0= tz’1 ><t2’1
& _ 2
T=t2,1x
|
i_ —K-_lil
P FP

corresponding point p is orthogonal to n?

@)’ =0
n’ = LTRIK;'%!
p’= % KgliZ
& KHTTRIK &' =0
¥
matrix

&) KHTTRIK ' = 0
N Syl i

F
e
Pt — )_,Kz lxl
®)" TRT p!' =0
L

2
E1

The matrix Ef is known as the Essential matrix

23.3 Applications

Stereo matches violating the epipolar con-
straint can be considered outliers. However,
all corresponding image points, do not ex-
actly satisfy the epipolar constraint in prac-
tice.
Reasons
o Imperfect camera calibration
e Viewpoint change due to baseline
o Image noise
Solution
e Search on a slice with a radius d around
the epipolar line
e This however provides imperfect
matches, hence an error tolerant i.e.
robust, triangulation method is needed
e Use a a robust rig that robustly aligns
the cameras, pay attention to tempera-
ture change, if needed repeat calibration

Feature matching by SIFT: (a) coarse matches; (b) removal of wrong matches who violate

the epipolar constraint

Rectification means to introduce new sensor
planes:
o the optical centers of the cameras remain
unchanged
o the epipolar lines become horizontal and
identical in the left and right rectified im-
ages

24.1 Stereo rectification

Object distance z —
Baseline b =E = dengon
Focal length f ’ .
7
Image coordinate resolution Ad —
. . From similar tiangles, 7
(Disparity) ‘s B
5z b
Depth resolution Az
2
b4
Az = —Ad
v4 b f

25.1 Cross correlation

Given are two signal vectors a=lag,ai,...,an—1] b=1[by,by,...,by1]
n—1

Their scalar or inner product is a’p = |a] - [b| - cos(6) a’pb = Z a;b;
defined as i=0

25.2 Normalized cross correlation coefficient

_@-a'®b-b _ 1
Y e b b

- oL,
=S b= N

n

25.3 Template matching

Given a mask w(x, y)
of size m X n and an

image f(x,y)

c(x,y) = Z Zw(s,t)f(x +85,y+1)
s t

Sy Zalwls, ) = Wl f(x + 5,5+ 1) = fiy]
{Z0 Zubw(s, ) =W Xy Sl fx+ 8,y +0) = fio P

Using the coefficient from before we can check for perfect correspondence with +1 and
perfect anti-correspondence with -1
Very useful, but impaired by scaling and rotation

The goal is to assign a given pattern to its
class. Patterns are usually arranged as fea-
ture vectors.

y(x,y) = }1 7

The example data shown on the right, set the
stage for the subsequent discussion:

There are three classes, but only two de-
scriptors are available:

e Petal length

o Petal width ) ‘i?;’
The goal is to classify a flower based on o——1 : e By e B
these two measurements into one of the
three classes
Hence the feature space is two dimensional
and the goal of automatic classification is to
separate this space into three regions corre-
sponding to the three classes
This can clearly be done for the Iris setosa,
but separating virginica from versicolor is
not possible
Hence we might need different and/or addi-
tional features

Petal length (cm)

FIGURE 12.1
Three Lypes of iris
flowers described
by two
measurements.

iris versicolor iris virginica

sepal

petal  sepal petal  sepal petal

27.1 Minimum-distance classifier

mj=%2xj

J xew;

D) =lx-myll (lall = @@’ a)'/?)

The mean vector of a class is a power-
ful prototype vector

One simple matching function is the
Euclidean distance D

The rule is as stated before, feature  D;(X) = min [Dj(x)]
vector x is assigned to class wj, if L2 W

D;(x) is the smallest distance

This is quite intuitive, but we will use  d;(x) i=1,2,....W

discriminants d;(x) instead, to mini-
mize the number of computations:

Class w; is selected for a feature vector
x, if

di(x) >dj(x) j=12,.... Wij#i

1
—m’

dj(x) = mej - 5m;

The same class j that minimizes the
Euclidian distance, maximizes the dis-

criminant function

m;

15



27.1.1 Finding the decision boundary
d;j(x) = di(x) — dj(x)

Now the decision boundary between
class w; and w; for a minimum dis- 1
tance classifier can be described as = xT(m,- -m;j) - ~(m; - mj)T(m,- +m;)
the solutions x of 2

=0

Clearly, this is an equation for a straight line,
if the feature space is 2 dimensional, or a hy-
perplane for higher dimensions

This line goes through the midpoint of the (A e x— é[m, +my)
line connecting the centroids of the classes i | -
and j, because X = %(m,- + m;) satisfies the |
equation. [
Furthermore, this line is perpendicular to the f
line connecting the centroids of the classes b
i and j, since starting at x = %(m,- +m)), ‘
the equation stays satisfied as long as the in-

ner product x” (m; - m 1) does not change its

value

27.1.2 Flower example

1
oy = 3 (M my) + ap

#

where p” (m; — m;) =0 and « is real

With Iris versicolor (w;) and Iris setosa (w), the mean vectors are m; = (4.3, 1.3) and
m; = (1.5,0.3)7.
Now we get:

1
di(®) =x"m; - Emlel =43x +13x, - 10.1
1
dr(x) = x''m, — Emzrmz =1.5x1 +0.3x, — 1.17
dip(x) = di(x) —dr(x) = 2.8x1 +1.0x, =89 =0
dlz(x) >0
dlz(x) <0

x belongs to wy

x belongs to wy

27.2 Maximum A Posteriority (MAP, Bayes) classifier

The simplest case is a 1D problem with two classes. Both conditional probability den-
sity functions are assumed to be Gaussian with known means and variances, hence the
discrimination functions are

(x-m )

204
e J

dj(x) = p(x | wj)P(w;) = P(wj)

1
\2no
In a more realistic case, the pattern
X, (i.e., the feature vector) is not one
dimensional but n-dimensional Still
the assumption is, that the conditional
probabilities are n-dimensional Gaus-
sian (|C}| is the determinant of C;)

1 —1x-m))T ¢! (x-m))
) = 2 J J
px|wj) = (271')"/2|C/|1/ze j

The parameters of an n-dimensional m; = E;;{x} C;=E;; {(x —-m;)(x — m_/)T]
Gaussian probability density function
are the mean vector and the covariance

matrix

These are in practice estimated using
the sample mean and the sample co-
variance matrix

Combined we get the decision function for n-dimensional Gaussian pattern classes

1 1
dj(x) = InPwj) = 5 In|Cj| - 5 [x=m)’C; (x—m))]

NLij Cj:%ZxxT—mjm]T.

J XEW

27.2.1 MAP classifier with identical covariance matrices

When covariance matrices are equal, the function becomes simpler

1
dj(x) =InP(wj) + xTC_lmj - Em/T.C_lm_,-

27.2.2 MAP example
3 1 1 3 1
C= L 1 3 1{,m 1 1],my = 1 3
16 M T g™ T g
1 -1 3 1 3
_ 1 _
dj(x):xTC ]m_,'— Eij.C 'm_; . \ e
dl(x) = 4x1 - 1.5 A N
dy(x) = —4x| + 8x2 +8x3 = 5.5 R N
di(X) —dr(x) =8x1 —8xp —8x3+4=0 ok G0
(Class border(planar))

27.2.3 Finding the boundry when p(x) is identical for all classes

MAP boundary between w;, w; :  p(x | w)P(w;) = p(x | wj)P(w))

This is allowed when p(x) is identical for all classes and cancels in Bayes’ rule. Use this
for equal misclassification costs.

28 Region-Based Features
28.1 Contours as polygons

Contours can be represented by polygons.
List of corner points in clockwise order:
[Po.P1,- -, Pu-1] Pi €R?

28.1.1 Hierarchy of Contours

Useful to describe relations of multiple regions. E.g. cv2. findContours() provides the
following hierarchy of contours for a binary image

100 150 200 20 ]

28.1.2 OpenCV: Convex hull

50 & 100

Hierarchy
- 0
. I
- +- - - - - - +
I |
q 1 4
| I |
+- -+ 5
4 I | |
2 3 6

B 200 250

28.1.3 OpenCV: Bounding box

cv2.convexHull()

28.1.4 OpenCV: minAreaRect

cv2.boundingRect()

-

cv2.minAreaRect()

xy)
(centerx, centery)

i
' - {

sizewidth

28.1.5 OpenCV: fitEllipse

The bounding box has one of its edges in

parallel with the object’s convex hull.

1. Compute the convex hull of the cloud.

2. For each edge of the convex hull:

3. compute the edge orientation (with arc-
tan),

4. rotate the convex hull using this orienta-
tion in order to compute easily the bound-
ing rectangle area with min/max of x/y of
the rotated convex hull,

5. Store the orientation corresponding to the
minimum area found,

6. Return the rectangle corresponding to the
minimum area found.

28.2 Simple descriptors

Simple shape descriptors are based on
o the area of an object
o the length of the perimeter
e minimum and maximum diameter
e area of bounding rectangle

28.2.1 Perimeter and area

« Solidity s=

convexarea .

F . me

« Formfactor 5
perimeter

area

- _ convex peruneter
* Convexity Cc= pi
perimeter

28.2.3 Fibres
length
o Curl __length ﬂhre\engm‘\‘
" fibre length
.
fibre length

e Elongation E -

\ fore ength
fiore vidtn

fibre width

28.3 Area-based descriptors

Ellipse can be fit to corner points of a poly-
gon. The fitting is the solution of a linear
Least Squares problem.

¢

The descriptors are independent of translation, scale and rotation and are easy to compute.

28.2.2 Diameter and area

. AspectRatio 4o s diancier
~ min diameter
4 area 8
. ) T
Roundness 7 (max diameter)® [
o Compactness pP=+R
o Extent =
area bounding rectangle
28.2.4 Example
TN A=r-r 72
( ) ¢ E=47—L2" 10
N/ P=2-7-r Q2-7-r)
4 =a Z
F,=4-71-—2_=0785
L =4-a 16-a”
e e
N\ A== F,:4»;r»;€ 4 ~0.603
/ P=3a 20

Are based on area, moments and principal components. The are defined for binary and
grayvalue images. The following example is with image size M x N



28.3.1 Object centroid

General: Centroid coordinates:
M=1N-1 mio moy
M, = M, = 2L
TEDIPI LR T moo T moo
x=0 y=0
28.3.2 2D central moments
Are independent of translation
M-1N-1 o oy
Hpg = =D -9flxy) I=-—,5=
b XZ:O yzz;) moo moo

Normalized central moments:

Hpq ptyq
Mpg = 5~ = 2 +1
00

28.3.3 Hu-moments

Independent of translation, scale or rotation

D1 = Mo+

O = (o +n02)* + 477,

D3 = (730 = 3m2)” + Grar = 103)°

Oy = (p30 +m2)* + (21 + 103)?

D5 = (30— 3m2) (730 + ) | (730 + mi2)* = 3 (a1 + m03)? |+
(321 = n03) (21 + 103) [3 (730 +m2)* — (21 + 7103)2]

@ = (120 —102) [(7130 +n12)? = (21 + 7703)2] +
41 (730 +m12) (721 + 103)

@7 = G2 —n03) (730 + M12) [(7730 +112)* =3 (1 + 7703)2] +

G312 = 130) (21 +103) | B30 +m12)? = (g +1m03)?

28.3.4 Principal axis of inertia

Object Object Object
2
mm:Zy m02=zy m“:Zx-y
Object Object Object
2 2
m m, myg - my
10 01 10 - Mol
My = mpo — — Myy:mOZ_ My =myy —
moo moo moo
.. . 1 Mxy .
Angle of principal axis: ® = — - arctan[ ——— (use atan2( , ) in code!)
2 My — My,

28.4 Texture based descriptors

No precise mathematical definition. Three approaches: statistical (histogram moments =
global; co-occurrence = local), spectral (Fourier), structural.

28.4.1 Co-occurrence matrix

Determine the frequency of gray value changes according to the relative position of the
pixels and scale with number of histogram. Often the number of gray values is reduced.

% % 8 & %4 g change frequency
&L 1
g E 2
A\ AV AVAVAY, 25> 1
g5—> 24 1
Example:
Choose position operators according to texture, results vary.
j
—
G-
000 12 0 1, 2
1.2 0 1 1 i 0
2 2100 l 1
110 2 0 2
positional operator
0 0 1 0 0 co-occurrence matrix
image

Descriptor Explanantion Formula
Response of G pij = L
1y =
2 2 Gij
Maximum probability Strongest response of G max(pij)
K K /. .
. o (i —my)(j — me)pij
Correlation How correlated a pixel is to its Z Z —_—
neighbour. Range 1 to-1. Not 457 =5 0r0c
defined if o =0oro: =0
K K
Contrast Intensity contrast from a pixel Z Z(l - j)Z[J,‘j
is to its neighbour over full i=1 j=1
image. Range 0 to (K — ])2
K K
Uniformity (Energy) Range [0, 1]. 1 for a constant Z Z [)lzj
image i=1 j=1
K K .
. ) . Pij
Homogeneity Spatial closeness of distribu- re—
tion. Range [0, 1]. Max when e L+i—jl
G is diagonal.
K K
Entropy Randomness. 0 when all - Z Z Pij logz(pij)
pij = 0, max when all p;; i=1 j=1

equal. Max value is 2 log, (K)

28.4.2 Spectral approach

Compute the spectrum of a textured object, a scaled spectrum eliminates dependence on
illumination

IS (u, V)l
S(u,v) = FFT(f(x,y)) Sp(u,v) = ——————
m n
2
2L 1S @l
u=2 v=2
Energy Contrast Entropy Homogenity
uniform
gray (128) 1.0 0.0 0.0 1.00
d20 1.0 3.6e6 1168.0 341
d21 1.0 5.80 e6 1219.0 2.80
d29 1.0 5.75e6 1781.0 5.87
noise
m=0,6 = 0.1 1.0 7.58 e6 1295.0 2.90

14.05.2025

NN learn decision functions directly from data — no probability-density (Gaussian) as-

sumption needed.
29 Perceptron

This network uses a single neuron,
called a perceptron. It learns a linear
decision function that separates two
linearly separable trainings sets.
For an n-dimensional input vector, the
hyperplane is described as
WXL +WaXo 4+ -+ WpXpy + Wyy =0
With the sign function d(x) we get the R
following:

e d(x) >0 = Class ¢

e d(x) <0 = Class ¢

e d(x) = 0 = decision boundary

n
d(x) = Ew,x, + Wy =0
i=1

FLif d(x) >0

1t dx) <0

Weights

29.1 Two linearly separable classes

The basic idea of the algorithm is that the PR —
pattern vectors of the training set are not pre- )
sented all at once but one by one and repet-
itively. In each training step, one of the pat-
tern vectors is used to check the classifier for
correct classification.

The weight vector is only changed, if a
misclassification happens.

The training stops, when there are no more ” et
misclassifications for all training samples

(pattern vectors).

Petal width (cn

29.2 Two linearly inseparable classes
We can’t find a weight vector to separate classes, this is by defintiion not possible.

We try to minimize some squared error (r repre-  E(W) = Z (r - wTy(k))2
sents the desired response, r = +1 if y(k) belongs k

tocy and r = —1 for ¢y)

Minimizing the weight works in principle but it is complex and memory hungry.

29.2.1 Stochastic Gradient Descent (SGD)

The basic idea is to simplify the algorithm by still considering only one pattern vector at a
time and to correcting the weight vector

17



The weight vector w is corrected such that the error J(w) gets reduced

1
Jw) = 5(r= wly(k)?

Stacked perceptrons with smooth activations
= multiclass, nonlinear boundaries.
Hidden layers use ReLU (non-vanishing

. a£)= h(z(0)
gradient = faster); output uses soft-
max/sigmoid. e
Neuron { in layer £
o softmax
O O ReLU sigmoid
o
O O /L . N
.
O output
input x

hidden (ReLU)

30.1 Forward pass

Computing the network outputs for an input
vector X, is denoted forward pass (weights
and the biases must be known )

The components of x are for consistency de-
noted as the outputs of layer / = 1

Layer 1 Layer / Layer L
(input) (output)
The pre-activation of neuron i in layer [ is aj(l) = x; j=12,....m

n—1

zi(h) = ) wijaj(l = 1) +bi(d)
j=1

Then the output of neuron i in layer [/ is calculated

by running the pre-activation through the activation J

function

Evaluations are done for each layer / so that the fi-  a;(I) = h(zi(1)) i=12,....m

nal outputs are obtained

30.2 Matrix formulation

The outputs of layer 1 are the components of input vector x, ie. a(l) = x
win@)  wid Wi, (D)
war () wia(d) Wi, (D)

Given the proper definition of the weight ~ W(/) =

matrix
Wny1 (l) Wn,2 (l) Wiyny_y (l)

The pre-activations can be written as a  z(l) = W(a(l-1)+b() [=2,3,...,L

matrix vector multiplication and a vec-
tor addition

h(z1 (D)
. - h(z2 (D))
Finally, the activation of the element-  a(/) = h[z(])] =
wise activation functions, such as ReLU cee
and sigmoid are applied component- (zn, (D))
wise
30.2.1 Mini Batches

During training, the forward pass is usually calculated for a mini-batch of n,, input vectors.
This is different to the single input vectors handled in each iteration of the stochastic gra-
dient descent algorithm (delta rule).

The vectors of a mini-batch are concatenated column wise to create an n X n, matrix X,
where 7 is the dimension of an input vector and n,, is the number of input vectors in the
mini-batch

This concatenation then results in concatenated pre-activations and activations but every-
thing else stays the same

TABLE 12.2

Steps in the matrix computation of a forward pass through a fully connected, feedlorward multilayer neural net.
Step Description Exquations
Stepl  Input patterns Al =X
Step2  Feedforward For £ = 2,...., L. compute Z{f) = W()A(f - 1) + B(¢) and A(f) = h{Z(¢))
Step3  Output AlL) = B{Z(L)

30.3 Backpropagation

_ 1
hz)= 1+e*

H(z) = h@)[1-h(2)]

Loss E = % Z;il(rj - aj(L))Z

OE  OE
/L)~ dayl)
With the sigmoid function we get
6(L) = h (/L) [1 = hz L) |a;L) - /]

The idea is to then work from L to L — 1, then from
L—1toL -2, and soon

Define 6;(L) = W (z;(L))

Sigmoid

-4 -2 0 2 4 6

30.3.1 Matrix formulation

TABLE 12.3

Matrix formulation for training a feedforward, fully connected multilayer neural network using backpropagation.
Steps 14 are for one epoch of training. X, R, and the learning rate parameter a, are provided to the network for train-
ing. The network is initialized by specifying weights, W(1), and biases, B(1), as small random numbers.

Step Description Equations

Step1 Input patterns A(l)=X

Step2  Forward pass For £=2,..., L, compute: Z(£)= W()A(f —1) + B(/): A(F) = h(Z(F));
7(Z(6)); and D(L) = (A(L) - R)®K (Z(L))

Step3  Backpropagation Forf=L-1,L-2,..., 2, compute D(/) :(W’(f+ 1)D(¢ +l))®h'(Z(f))

Step4  Update weightsand  For £=2, ., L, let W(£)=W(¢) — aD()A’ (1=1), b(£) = b(t) - a¥"* 8,(1).

biases and B(/) = concatenate {b(/)}, where the 8,() are the columns of D(/)

30.4 Softmax output

For class-posterior outputs use softmax (not element-wise): hgy i(z) = €%/ )i €% (sums
to 1). With one-hot labels and cross-entropy loss L = ) ; r;log %, the output delta is
a.

simply the negative error: ¥ = a® — r. ReLU hidden + softmax/CE output learns
much faster than sigmoid+MSE everywhere (XOR: solved in ~ 10 epochs vs. thousands).
Initialization: He (ReLU), Xavier (softmax/sigmoid). A 3-layer NN trained with SSE ap-
proximates the Bayes decision as #samples — oo (multispectral example: NN 95.6-96.5%
vs. Bayes 96.2%).

For multidimensional (image) data; the network learns its own filters at multiple abstrac-
tion levels — no hand-crafted features.

input conv pool conv FC
o
o
—> —> O
@)
O
28x28 24x24 12x12 8x8 4x4 10
The convolution value at any point — w % ayy = Z Z Wikl y—k
(x,y), where [ and k span the dimen- Ik
sion of the kernel w
Assume w is 3x3, then this equation ~ w % ayy = Wi 1Gy_1y-1 + -+ + W330x-3,-3
expands into the expression
9
Going from a 2D indexing to a ID  w % ayy = wiay +waaz + -+ + woag = Z wia;
indexing i = 3(l — 1) + k. Hence i=1

the convolution can also be written
in this fashion

To get the usual NN summation for

9
z= Zw,-a,-+b:w*ax,y+b
the pre-activation z, a bias is added i=1

The activation is calculated by run-
ning the pre-activation through the
activation function

Convolving the receptive field of the input image with the learned 2D filter weights and
then adding a learned bias before running the result through an activation function, is iden-
tical to the steps performed in a fully connected neural network.

What is different though is the fact, that the same learned weights/bias are used for all the
pixels in a given feature map

a=h()

Using a layer notation again, the pre-  z,,(/) = Z
activation in a given layer / at a given pixel 1
(x,y) can be calculated

D wiaDa-iyx U = 1) + b
k

The forward pass is very similar to fully connected NN’s.

For backpropagation, the kernel does NOT dpeend on where it is by (x, y), this is one of
the advantages of a CNN.

The kernel weights are shared for the entire feature map

Sry(D) = (2xy(D) [6.y(1 + 1) % 10t1800w(l + 1))

- Derivative definitions from second lecture
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34.1 Trigonometry

Useful special case: pure translation homography: For

T n n b 2r 3nr  5m In 5t 4nr  3n St In  llx
@l % 5§ i 3 2 3 7 6 5§ 4 3 2 3 & 6§ ¥ Lo n
e| 00 300 45 60° 90° 120° 135° 150° 180° 210° 225° 240° 270° 300° 315° 330° 360° H=10 1 1,
N P R B B B R RN B 0 0 1
sinfa 2 2 2 2 2 2 2 "2 2 2 2
cos(@)| 1 B o2l 0o -1 V2 V3 -1 SRCI P o 1 R 1 the inverse is obtained by changing the sign of the translation:
) 2 "2 " 2 "2 T2 )
V3 V3 V3 V3
tan(@)| 0 == 1 V3 e —V3 -1 = 0 5 1 V3 e -V3 -1 - 0 10 -4
cot(@)| x0 V3 1 g 0 -? -1 -V3 #00 V3 1 g 0 -‘Tﬁ -1 -V3 #oo H! = 0 1 1.
0o 0 1
34.2 Crossproduct
For line mapping by a homography, use
aj by ayb3 — azby ) g-T
U ~H ¢t
axb=lay| X [by| = |azb) —aib3
az) \b3) \aiby —ab with
T =@ ).
a = by 34.5 Eigenvalue shortcut for 2 x 2 matrices
wenn as = by = 1, dann gilt: a X b = bi-a For a symmetric 2 X 2 matrix
ayrby —axb a b
. o gl
34.3 Trace of a matrix
the eigenvalues A1, A satisfy
a b ¢
A=ld e f tr(A) = a + e + i = sum of Eigenvalues (M) = Ay +
¢ h i and
34.4 Inverse of a 3 x 3 matrix de(M) = 41 2z.
For a general matrix Tl?erefore, for many classification tasks it is not necessary to compute the eigenvalues ex-
b e plicitly.
a ¢ Important shortcut: If
A=|d e f|,
¢ h o det(M) = 0
the inverse is and
1 ei—fh ch—bi bf—ce (M) > 0,
= —-di ai-c d —af |, .
det(A) g g ¢ f then one eigenvalue must be zero and the other one must equal the trace:
dh—eg bg—ah ae-bd

with
det(A) = alei — fh) — b(di — fg) + c(dh — eg).

The inverse exists only if
det(A) # 0.

Shortcut with column vectors: If the matrix is written with its column vectors
A= [a b c] s

then
det(A) = a’ (b x ¢).

The inverse can be written as
bxe)l

(exa)|.

(axb)’

-1 _
~ det(A)

This is often easier to remember: the rows of A™! are cross products of the other two
columns.

Useful special case: camera intrinsic matrix: For

fx 0 Cx
K = 5ol

0 1

the inverse is

1 cx
n 0 -7
-1 _ 1 _9
K =|0 % 7

0 1

Ay = (M),

=0

because

A2 =0,
Application to Harris corner detection:
¥ l 2,

Ix,,'ly,,'

A1 = Ay

Useful exam check: If

det(M) =0 and

then the matrix has only one nonzero eigenvalue
as an edge, not a corner.

A + Ay = tr(M).

For the Harris matrix
1 X0 I Vi

2
I)_J.

)

the eigenvalues describe how much gradient energy exists in independent directions.

>0

(M) > 0,

. Therefore the neighbourhood is classified

det(M) =0, tr(M) > 0 = edge

Homogeneous pt X = A[x,y,1]"; inhom. x =
X1 /%.

Linel=[a,b,c]7, (1) = 0.

e Cross product as matrix: a X b = [a]xb.

e SVDA =UZVT; AX = 0 = X = Vyj, (smallest
o).

Rotation R™! = R™, detR = 1.

Rigid motion inverse: 7-! = [RJ ‘R]T’].
i A fx 0 ex
Calibration K = [ 0 f ¢y |.

00 1
Epipolar X] EX, =0, E = [1]xR.

o Depth: = bf/d: o, = 50,

Softmax o; = €%/ ), ¢%k; CEgrad =a —r.
Sigmoid 7’ = h(1 — h); ReLU &’ = ¥[z > 0].
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