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9 Morphological Image Processingc;, 9 sg27-688

9.1 Set Theory

9.1.1 Reflection S628

B = {w|lw=—b, for be B}
9.1.2 Translation gg09
(B); ={clc=b+=%, for be B}

9.2 Erosion and Dilation
9.2.1 Erosion S631

With A and B as sets in Z2, the erosion of A by B is
defined as
A© B ={z|(B), € A}

This is the set of all translations by z such that the set
B is still a subset of A.

Equivalently, if B must be contained in A, it is not al-
lowed to intersect with the background:

A© B = {2|(B). n A° = &}

9.3 Opening and Closing
9.3.1 Opening and closing gg35

9.2.2 Dilation S633

With A and B as sets in Z2, the dilation of A by B is
defined as

A®B = {z|(B). n A # @}

This is the set of all translations by z such that the set
B reflected about its origin has at least one overlap with
the set A.

Equivalently, since the intersection is not allowed to be
empty and all elements in it must be from A:

A®B = {z|[(B)., n A] € A}
9.2.3 Duality erosion/dilation gg35
Erosion and dilation are dual:
(AOB) =A‘@B

(A®B) =A°©B

The opening of A by B is defined: (first erosion then dilation)

AoB=(A©B)®B

The closing of A by B is defined: (first dilation then erosion)

AeB=(A®B)©B

Opening and closing are dual operations:

(Ao D) =
(Ao B) =

The opening operation satisfies the following properties:

(a) Ao B is a subset (subimage) of A.

(Ao B)
(A°e B)

(b) If C is a subset of D, then C o B is a subset of D o B.

(c) (AoB)oB=AoB

The closing operation satisfies the following properties:

(a) A is a subset (subimage) of Ae B.

(b) If C is a subset of D, then C e B is a subset of D e B.

(c) (AeB)eB=AeB
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N

(a) Opening (b) Closing

Figure 1: Geometrical interpretation of the opening and closing transformations

9.4 The hit-or-miss transform gg40

The hit-or-miss transform is a basic tool for shape detection. Basic idea:

e Through erosion of the image by the object, possible locations for the object in the image are left, since
elements smaller than the objects disappear

e Through erosion of the background of the image with the local background of the object, possible locations
for the object in the image are left

e The intersection of these possible locations result in a reliable detection of the object location

A@®B =(AOD)n[A°C (W — D)]

e In general, if Bl is the object and B2 is the corresponding background this can be written

A@B = (A@Bl) M (AC@BQ)

9.5 Some basic morphological algorithms gg42

9.5.1 Boundary Extraction ggz9

The mask leads to a 1 pixel thick boundary

B(A)=A—-(AODB)

9.5.2 Hole Filling gg43

To fill a hole, a seed inside the connected border is
needed, i.e., in an empty array Xy, the seed point is set  {Jsyal mask:
to 1.

. The dilation is forced to stay inside the connected bor-
Xp=(Xp1@B)n A k=123,... der with nA€.The iteration can stop, when X; = X;_1.
9.5.3 Extraction of Connected Components gg 5

Initial array (Xo) contains a 1 in the region of the con-  The iteration can stop, when X = Xj_;.
nected component.

The mask leads to 8-connected regions.

XkZ(Xk_l(—BB)ﬁA k‘=1,2,3,...

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014
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9.5.4 Convex hull S647

e The convex hull H of a set S is the smalles convex set containing S.
e H-S is called the convex deficiency of S

The convex hull is constructed with a convex hull with four structuring elements. (x = don’t care)

(a) B! (b) B2 (c) B° (d) B

Figure 2: Structuring elements for convex hull

Xi=A
Xi=(X, ;®B)Yu A i=1,2,3,4and k=1,2,3,...
when X = X;_, — D' = X}

4
cA) =i
1=1

Note that the hit-or-miss transform & here is applied without background.
This algorithm does not guarantee that the found convex set is the convex hull, which has to be the smallest

convex set containing the original object
The following additional constraints can be used:

e casiest is, that the convex hull is not allowed to grow beyond the original vertical and horizontal dimension

e More complex constraints are possible, but at a higher computational cost

9.5.5 Thinning gg49

Thinning is the operation of making the foreground thinner.

(a) Original image (b) Thinned image

Figure 3: Thinning

A®@B=A—-(A®B)

Hit-or-miss transformation with rotating structuring elements. Note that the hit-or-miss is applied without back-
ground.

A®B=((...(A®BYHY®B?...)®@ B")

This is repeated until nothing changes anymore.
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(a) B! (b) B (c) B? (d) B* (e) B (f) B (g) B (h) B

Figure 4: Thinning masks

9.5.6 Thickening gg50

This is the morphological dual of thinning. It is implemented as thinning the background and then taking the
complement. Thickening can lead to disconnected points. These have to be removed by post-processing.

9.5.7 Skeleton S(A) 651

(a) Positions of Maximum disks

(b) Complete Skeleton

Figure 5: Skeleton algorithm: basic idea

Finding a disk D that:
e centers at z (z being a point of S(A)

e there is no larger disk containing D and included
in A

e touches the boundary of A at two or more places

This is realized by

K
$(4) = | Se(a)
k=0

with
Sk(A)=(A©kB)— (ASkB)o B

B =

9.5.8 Pruning gg54

and
K =max {k|(A© kB # &)}

K is the last iterative step before A is eroded to an
empty step.

Reconstruction can be achieved by

K
A= (S @kB)
k=0

Problems:
e The resulting skeleton is not connected

e The skeleton is a bit thicker than it needs to be.

Pruning is a procedure that can remove parasitic components of a length below some threshold.

1. Find endpoints with a hit or miss transform with the following structuring elements. Remove the endpoints.

2. Repeat this. If you want to remove all spurs of length 3 or less, repeat for 3 times

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al
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X

(a) B!, B2, B3, B* (rotated 90°) (b) B>, BS, B7, BS (rotated 90°)

Figure 6: Pruning structuring elements

3. Find the endpoints using the same structuring elements

4. Dilate the endpoints with a 3x3 structuring element and make a logical and with the original set

9.5.9 Morphological Reconstruction gg54

Geodesic dilation and erosion gg5g This is a transformation which uses two images and a structuring element
e F is the marker image
e G is the mask image
e Both are binary and F is a subset of G

Note that morphological reconstruction will always converge after a finite number of steps.

Geodesic dilation
PY(F) = (F®B) nG

is the dilation of F' by B, where the result must stay inside G. This can be repeated:

DP(F) = F
PY(F)=(F®B) G
DY(F) = DY (DG (F)]
Geodesic erosion
EQF) =F

is the erosion of F' by B, where the result contains at least G.
EQD(F)=(FeB)uG
n 1 n—1
EG(F) = B [EG ™ (1)

Morphological reconstruction by dilation and by erosion gg5g This is geodesic dilation/erosion until nothing
changes.

Reconstruction by dilation: RZ(F) = D with DY(F)y = DF D (F)
Reconstruction by erosion: RE(F) = Eg) with Eg)(F) = Eg+1)(F)
Sample applications gg59 Opening and closing by reconstruction
Opening by reconstruction removes all small object, all others stay unchanged. Closing by reconstruction closes

gaps, the rest is unchanged. This is in contrast to morphological opening and closing, where the erosion removes
the small objects and the dilation ”sort of” reconstructs the other objects.

O (F) = RP[(F ©nB)]
Cy)(F) = RE[(F @nB))]

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014
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Filling holes in a binary image I
Without needing a seed!

1—1I(z,y) if (x,y) is on the border of I

H=[RR(F)|®  with  F(z,y) = .
0 otherwise

(a) I (b) I°¢ (c) F (d)CeB (e) C®BNI® (f) H (g) HN I

Figure 7: Hole Filling on a simple image

Border clearing g1 Remove object that touch the border.

I(xz,y) if (x,y) is on the border of I

X=I-RP(F) with F(z,y)= '
0 otherwise

9.6 Gray-scale morphology sg65

The fundamental operations dilation, erosion, opening and closing can be extended to gray scale. Hence the more
advanced operations which are based on the above operations can be extended too. The structuring elements are
also gray-scale. In practice, flat structuring elements are preferred.

(a) Nonflat SE (b) Flat SE

(c) Intensity profile (d) Intensity profile

Figure 8: Nonflat and flat structuring elements and corresponding horizontal intensity profiles through their center

9.6.1 Erosion and Dilation ggg6

Erosion
[f©bl(z,y) = (rggnb{f(x +5,y+1)} Flat SE
st)e
[febn](x,y) = (m)irz {flx +s,y+1t)—bn(s,1)} Non-Flat SE
s,t)Ebny
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Dilation
[f ©b](z,y) = (ma)rxb{f(w — s,y —1)} Flat SE
s,t)e
[f@®bn]|(z,y) = (m)a:l;c {flx —s,y —t) + bn(s,1)} Non-Flat SE
s,t)ebn

9.6.2 Opening and Closing ggg3

Opening and closing are defined exactly the same as in the binary case:

fob=(fob®b feb=(f®b)ODb

9.6.3 Some Basic Gray-Scale Morphological Algorithms g¢7¢

Morphological smoothing 579 Opening suppresses bright details and closing suppresses dark details. They
can be used in combination for image smoothing and/or noise suppression.

Morphological gradient gg71 This operation resullts in an image where the edges are enhanced, not unlike a
classical magnitude gradient image.

g=(f@b)—(fOb)

Top-hat transformation gg72
That(f) = f = (f o))

The resulting image contains mostly bright details that are smaller than the structuring element.

Bottom-hat transformation gg72
Bhar(f) = (fob) = f

The resulting image contains mostly dark details, that are smaller than the structuring element.

Granulometry gg74 The goal of granulometry is to find the particle size distribution in an image. Opening with
a structuring element similar in shape as the particles but the size scaled from small to large. The biggest effect
in the resulting opened image is, when the size of the structuring element changes from just too small to just
too large. This effect can be measured by summing up the entire opened image, the surface area. Jumps in the
change of surface area show the dominant particle sizes.

Textural segmentation gg75 Figure 9.43

The goal of textural segmentation is, to segment the image into two textural regions. The basic idea is to remove
the small circles with a structuring element larger than the small circle but smaller than the large circle. With a
following opening fills the white patches between the large elements.

Gray-scale morphological reconstructions gg76 Follows the definition for binary images.

Geodesic dilation
DM(f) = (f@b) rg
DiM(f) = DW[DI=(f)]g

A denotes the point-wise minimum operator.

Opening by reconstruction

OW(f) = RP[(f ©nb)]

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al

Geodesic erosion
EN(f)=(feb) vy
EM(f) = EPIES V()]

v denotes the point-wise maximum operator.

Closing by reconstruction

P (f) = RE[(f @nb)]
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10 Image Segmentationc;, 19 sp39-704
Preliminaries
e Separate the image into different parts, i.e. regions or objects
e Often a scene can be designed that the segmentation task is simplified

e Segmentation is based on some property of the scene
— Intensity discontinuity
— Intensity similarity

— More Complex properties: Motion, Texture, Shape, Color, etc.

10.1 Fundamentals gg9

R =R e The entire spatial region that is occupied by an
image is called R

2)

ICs

)

b) R; is a connected set, i =1,2,...,n e Image segmentation is the task of partitioning R
c) Ri(YRj =0for all i and j,i # j into sub-regions ft;
d) Q(R:) =TRUE for i = 1,2, ..n e ()() is a measure of similarity of a particular prop-
U erty
e) Q(R;|JR;) =FALSE for any adjacent Regions R; _ ) )
an d R, e d) must be true, since this defines the region

e ¢) must be false, since otherwise, the regions
should have been merged

Focus on the intensity values
e there are discontinuities, then a new region starts.

e [f the intensity does not vary much, then this is one region.

10.2 Point, line and edge detection ggg>

When the intensity changes abruptly in a local neighborhood, this indicates an edge. It can be a simple point or
a line.

10.2.1 Background ggg9

Abrupt local changes can be detected using derivatives.
First order derivative

T — @) = fa 1) - f)
The second order derivative
Pf _of'(x) _
A = = 1 -1)-2
L= ) = pa )+ - 1) - 20 @)
This can be calculated using a spatial filter.
wi, w2, w3
W4, W5, We
wr, ws, Wy

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014
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e First order in y direction wg = 1, ws = —1
e First order in x direction wg = 1, ws = —1
e Second order in y direction wg = 1,wq = 1, w5 = —2
e Second order in x direction wg = 1,wy = 1, w5 = —2

10.2.2 Detection of Isolated Points gggg

The Laplacian combines the second derivatives in both spatial directions. This results in

Vf(z,y) = f@+1L9) + flx =Ly + flz,y + 1) + flz,y — 1) — 4f(z,y)

It can be extended to also include the diagonal terms wich results in the following mask

1 1 1
1 -8 1
1 1 1

The Laplacian is isotropic with respect to 0°,45°, 90° and 135°.

Point detection is now achieved by filtering the image with the mask and thresholding this result image R.

1 if|R(z,y)| =T
g(x7 ): .
0 otherwise

10.2.3 Line Detection gg97

Often, a line of a known direction should be detected. We use special masks for that particular direction

-1 -1 2 | -1]-1 ]2 -1 1)1 2
21 2|2 12 -1 ]2 -1 ]2 -1
-1 -1 -1 2 ]2 -1 2 | -1]-1

(a) Horizontal (b) +45° (c) Vertical (d) —45°

Figure 9: Line detection masks

10.2.4 Edge Models

The typical intensity profile of an edge is shown in figure 10. Note that the derivatives are very sensitive to noise.
Usually the image is smoothed before edge detection.

10.2.5 Edge localization g7qg

The previously shown method generates edge points. The goal is to keep the ones which truly belong to an edge.
Since first order derivatives are helpful, a nice way of combining the two partial derivatives into one value is the

af
oesre ][
Y

magnitude of the gradient

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014
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{ ! ‘ \
Horizontal in-
tensity M
! I
w l
First ‘ ‘
derivate
w l
Second ‘ . |
derivate \ . 3

! \
| \
. \
Zero crossing \

Figure 10: Ramp Edge with intensity profile and derivates.

1)1 1]0 1 12| 101
olofo 1)lo |1 0lo]o 2102
111 1]0 1 1]2]1 1]0 |1
(a) Prewitt (b) Prewitt (c) Sobel (d) Sobel

Figure 11: Gradient operators: Prewitt and Sobel masks

The gradient (which is a vector) points into the direction of the greatest rate of change of f at the location (x,y)
The magnitude of the gradient vector is the value of the rate of change in that direction

After the gradient images have been calculated, often the magnitude of the gradient is required.

-119
M(@.y) = mag(VF)r/2 + 63 ~ lg] + o e
x
If the goal is to find the dominant edges, then smoothing the image before calculating the magnitude gradient
image works well. Alternatively, the magnitude gradient image can also be thresholded such that only values
above this value are considered edges (set to one). Everything else is set to 0.

10.2.6 More Advanced Techniques for Edge Detection g714

Marr-Hildreth edge detector g714 New Idea: Edges exist on different scales. The edge detector needs to be
tuned to the scale of the desired edge. Use a Gaussian filter (with space constant o) and then take the Laplacian.
The Gaussian filter is a low pass, wich blurs the image for large o. This results in a Laplacian of Gaussian (LoG)
filter. ) ) ) )
+y =2 _z4y?

Vo) = {W] 5

ol

Summary of the Marr-Hildreth edge detection:

12+ 2
1. Filter the input image with an n x n Gaussian lowpass filter G(z,y) = e~ 2t

2. Compute the Laplacian of the image resulting from Step 1. V2[G(x,y) * f(z,y)]

3. Find the zero crossing of the image from Step 2.

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014
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viG

Zero Crossing Zero Crossing
\ / 0 -1 -2 -1 0

— 220 ~—

0 0 -1 0 0

(a) Cross Section of the negative of the LoG, showing (b) 5x5 mask approximation. The negative of this mask

Z€ero crossings would be used in practice

Figure 12: Marr-Hildreth

Size of the discrete LoG filter Rule of thumb: n x n LoG filter should have the smallest odd integer n greater

than or equal to 6o.
How to find the zero crossings?
A zero-crossing exists, if at least two opposing pixelpairs (a-a, b-b, c-c, d-d) have a sign difference.

Figure 13: Zero-Crossing: opposing pixel pairs

LoG DoG The Laplacian of Gaussian (LoG) can be approximated using a difference of Gaussian (DoG) filter

z2+y2 I2+y2
1 - 202 1 - 202
DoG(z,y) = 926 Tt~ 5€ 272
TO] 2moy
2.2 2
o2 0109 I g1
o2 — 03 o3
1 2 2

e To compare LoG and DoG filters, they must have the same zero crossing

This can be achieved by setting o of the LoG in equation (1)

amplitude will scale differently, both can be normalized, such that the amplitude at 0 is 1

The negative functions are usually shown

e The LoG and the DoG filters can be implemented by 1 D convolutions (they are separable)

Canny edge detector g719

1. Smooth the image with a Gaussian filter.

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014
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2. Compute the gradient magnitude and angle images (Sobel operators).

M(z,y) = 4/ 9% + g2 ~ |gz| + |gy|

ofx,y) = tan {Lzy}
X

3. Apply nonmaxima suppression to the gradient image: Let di,ds,ds and d4 denote the four basic edge
directions for a 3x3 region: horizontal, —45°, vertical and —45°. We can formulate the following nonmaxima
suppression scheme for a 3x3 region centered at every point (z,y) in a(z,y):

a) Find the direction dj that is closest to a(z,y)

b) If the value of M (z,y) is less than at least one of its two neighbors along di, let gn(x,y) = 0 (suppres-
sion); otherwise, let gy (x,y) = M(x,y)

Now gy is the nonmaxima-suppressed gradient magnitude image.

4. Use double thresholding and connectivity analysis to detect and link edges:

e T a high treshold. If the values are above Ty, they are almost certainly a true edges
gnu(@,y) = gn(@,y) 2 Th

e T}, alow threshold. High enough that most of the noise if filtered out, but much lower (2-3 times lower)
than Ty resulting in edge points that are likely to be true edges, but might also contain erroneous edges

gvi(x,y) = gn(x,y) 2T gyr = gvo(x,y) — gvu(z,y)

e Now in gyg(x,y) are the strong edge pixels, while in gy (x,y) are the weak ones.

e A large Ty leads to gaps in the edges, which now can be filled using weak pixels in gy (z,y) that are
8-connected to valid edge pixels in gng(z,y):

a) Locate the next unvisited edge pixel, p, in gy (z,y)

b) Mark as valid edge pixels all the weak pixels in gyz(z,y) that are connected to p using 8-
connectivity.

c¢) If all nonzero pixels in gy (x,y) have been visited go to Step d. Else, return to step a.

d) Set to zero all pixels in gy (z,y) that were not marked as valid edge pixels.

10.2.7 Edge linking and boundary detection g755

Three schemes to link edges:

Local processing 579 For every edge-point at a location the gradient vector magnitude and angle are compared
with the magnitude and angle of edge-points in a neighborhood. If these are similar, they belong to the same
boundary. This can be indicated by giving them the same color and/or gray value.

|M(S,t)—M((E,y)| <E |04(s,t)—04(x,y)| <A

A much simpler scheme can be used if the linking follows certain directions and the maximum gap size is roughly
known.

1. Compute the gradient magnitude and angle arrays, M (x,y) and a(x,y) of the input image, f(z,y)

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al September 8, 2014



DigPro2 Summary 10 Image Segmentation y, 1 S689-794 15

2.

Form a binary image, g, whose value at any pair of coordinates (z,y) is given by:

1 if M(z,y) > Ty and oz, y) = A+ Ty
g(x,y) = )
0 otherwise

Where Ty is a threshold, A is a specified angle direction, and +7'4 defines a "band” of acceptable directions
about A.

. Scan the rows of g and fill (set to 1) all gaps (sets of 0s) in each row that do not exceed a specified length,

K. Note that, by definition, a gap is bounded at both ends by one or more 1s. The rows are precessed
individiually, with no memory between them.

To detect gaps in any other direction, @, rotate g by this angle and apply the horizontal scanning process
procedure in Step 3. Rotate the result back by —f@. Note that rotating is computationally expensive, so this
method is best for horizontal or vertical edges.

Regional processing g70g If the location of a boundary is roughly known, it is possible to use the detected edge
points as indicators for the suspected boundary.

1.

Let P be a sequence of ordered, destinct, 1-valued points of a binary image. Specify two starting points, A
and B. these are two starting vertices of the polygon.

Specify a threshold T, and two empty stacks, OPEN and CLOSED.

. If the points in P correspond to a closed curve, put A into OPEN and put B into OPEN and CLOSED.

. Compute the parameters of the line passing from the last vertex in CLOSED to the last vertex in OPEN.

Compute the distances from the line in Step 4 to all the points in P whose sequence places them between the
vertices from Step 4. Select the point, Vj;,q., with the maximum distance D,y,q, (ties are resolved arbitrarily)

If Dyyaz, place Ve at the end of the OPEN stack as a new vertex. Go to Step 4.

Else, remove the last vertex from Open and insert it as the last vertex of CLOSED.

. If OPEN is not empty, go to Step 4.

Else, exit. The vertices in CLOSED are the vertices of the polygonal fit to the points in P.

Figure 14: Regional Processing
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o' gmzn 0 emax
! g pmin [T
P /ijOSH—i- isinf = p I A
f O L i a1l
(5, ;5) i
(i, 97) o \ pra [
x;cosf +y;sinf = p
x
P p
a) zy-plane
(&) zy-p (b) pb-plane (¢) Accumulator Cells
Figure 15: Hough-Transform: From zy-plane to pf-plane
Global processing using the Hough transform g733
e Each point in the xy plane belongs to infinite many lines y; = ax; + b
e If we interpret this line equation differently, then b = —x;a + y; represent for each point in the xy plane a

line in the ab plane

e For each point in the xy plane, a line can be drawn in the ab plane and the principal lines in the xy plane
can be found by the points with the most intersections in the ab plane

e Vertical lines require an infinite a, this does not work. Therefor the line representation x cos@ + ysinf = p
is used. A point in the zy plane does not result in a simple straight line in the parameter space (6p). The
curve p = f(0) is now a sinusoidal

e Practical scheme

— For every 6, in the pf plane

% Calculate p = f(6) and quantize it into p,

* Increase the cell in the pf# plane at location (pg, 6,) by one

— The dominant line is no found by selecting the point in the pf plane with the highest value.

This theory can be generalized to find e.g. circles etc.

10.3 Thresholding 5733
10.3.1 Foundation g73g

To be able to partition an image into regions based on intensity values, the histograms have to be able to be

separated.

single thresholding

multiple thresholding

1
g(xay) - {0 lf f(a:,y)
a if f(z,y)
g(l‘ay) =4b
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T T T
(a) single threshold (b) dual thresholds

Figure 16: Intensity histograms that can be partitioned

10.3.2 Basic global thresholding 5741
1. Select an initial estimate for the global threshold, T

2. Segment the image using T in equation (2). This will produce two groups of pixels: G consisting of all
pixels with intensity values > T', and G2 consisting of pixels with values < T

3. Compute the average (mean) intensity values m; and mg for the pixels in G; and Ga, respectively
4. Compute a new threshold value:

1
T = §(m1 + mg)

5. Repeat Steps 2 through 4 until the difference betwenn values of T" in successive iterations is smaller than a
predefined paramter AT

10.3.3 Optimum global thresholding using Otsu’s Method g747
Two different variances are important

e Within-class variance U%V = Plo'% + PQO'%

e Between-class variance 0% = P(m; — mg)? + Pa(ma — mg)?

The target is to maximize the ratio between the between-class variance and the within-class variance. This is the
same as maximizing the between-class variance.
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L—1
Z pi=1 normalized histogram
i=0
L1
mg = Z i pi mgq : global mean (4)
i=0
L—1
0% =Y (i—mg)*p; o2 : global variance
1=0
k
Pi(k) = Z i Py : probability of the background (5)
i=0
L—1
Py(k) = 2 pi =1 — Pi(k) P, : probability of the object
i=k+1
1 &
mq (k) = ik Z i p; mq : mean intensity of the background
1(k) 5
| L
ma(k) = X 2 i D ms : mean intensity of the object
2(k) 42,
k
m(k) = Z ipi m : cummulative mean up to level k (6)
i=0
0% = Py(m1 — mg)* + Py(ma —mg)? 0%: between-class variance
= P Po(my — mg)2 Using algebra to change the form
2 (mgPr(k) —m(k))? 2
op(k) = op in dependence of k 7
sW = TR a-A®m) pin dep "
2 # 2 . e . %
k™) = k Opt f k f k
op(k™) ohax op(k) ptimum of k for maximizing is
o (k)
n(k) = 25— 0< (k™) <1 (8)
e

What to do now?

1. Compute the normalized histogram of the input image. Denote the components of the histogram by p;,
1=0,1,2,...,L—1

2. Compute the cumulative sums, P;(k), for £ =0,1,2,...

3. Compute the cumulative means, m(k), for k =0,1,2,...

,L —1, using Eq. (5) (10.3-4)
,L — 1, using Eq. (6) (10.3-8)

4. Compute the global intensity mean, mg, using Eq. (4) (10.3-9)

5. Compute the between-class variance, 0%(k), for k = 0,1,2,...,L — 1, using Eq. (7) (10.3-17)

6. Obtain the Otsu threshold, k*, as the value k for which o%(k) is maximum. If the maximum is not unique,
obtain k* by averaging the values of k corresponding to the various maxima detected.

7. Obtain the separability measure, n*, by evaluating Eq. (8) (10.3-16) at k = k*.

10.3.4 Using Image Smoothing to Improve Global Thresholding 57,47

The obvious approach to improve the situation is to low pass filter the image, i.e., to smooth the image before the
global thresholding method is applied
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10.3.5 Using Edges to Improve Global Thresholding 5749

Useful when trying to find small objects. Only the strongest edges are usually kept, say the top 10%, to calculate

the threshold.

1. Compute an edge image using any method (e.g. magnitude of gradient, absolute value of laplacian)

2. Threshold the edge image to produce a binary image gr(x,y) use this as a mask image to select pixels from

the original image

3. Compute the histogram of the selected pixels

4. Use this histogram to calculate the global segmentation threshold using, for example, Otsu’s method

10.3.6 Multiple Thresholds 5759

k1
k)= \pi
1=0
ko
Z pi

i=k1+1
L-1
2 m

i=ko+1

mg = Pimy + Pomao + Pymg

2 ERR
op(ki, ky) = max
B( 1> 2) 0<hy <ky<L—1

10.3.7 Variable Thresholding 5756

—mg)? + Py(ma — mg)? + P3(ms — mg)?

1 b
my Pl(k i pi
1 ’“2
mQ(k) = 1 Di
Pg(k‘)i k21:+1
=
m3(k) = i D
Py (k) i=§+1
Phr+P+P=1
e ey Op(kT k)
n(kl,kg) _ ZB\"12™2/

2
e

Image Partitioning 755 The simplest approach is to partition a given image into non overlapping regions and

then use Otsu’s method on smaller regions. This works well if the illumination is changing slowly.

Based on local image properties 5753 A threshold is computed for each point. The threshold depends on some
property of a local neighborhood. Common properties are the mean and standard deviation for each pixel. An

even more powerful scheme can be built, if the 1 or 0 decision is based on some logical condition.

Using moving averages g759 Useful to reduce illumination effects. Very fast to calculate, since only subtracting
the oldest sample z;_, and adding the new sample zx11 to the current average are needed.

m(k +1)

k+1
1 +

I
n

i=k+2—n

m(k) +

This is achieved by moving along zig-zag scan lines:
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10.3.8 Multivariable Thresholding 57671
10.4 Region based segmentation 5743

The goal is to segment the image into regions directly, not using abrupt changes or thresholding.

10.4.1 Region growing 5743

1. Find all connected components in S(z,y) and erode each connected component to one pixel; label all such
pixels found as 1. All other pixels in S are labeled 0.

2. Form an image fg such that, at a pair of coordinates (x,y), let fo(z,y) = 1 if the input image satisfies the
given predicate, Q, at those coordinates; otherwise, let fo(z,y) =0

3. Let g be an image formed by appending to each seed point in S all the 1-valued points in fg that are
8-connected to that seed point

4. Label each connected component in g with a different region label (e.g. 1,2,3,...). This is the segmented

image optained by Region growing.

10.4.2 Region splitting and merging 57464

The image is subdivided initially into a set of arbitrary disjoint regions and then the regions are merge and or
split in an attempt to improve the segmentation.
A common scheme to split images is a quadtree.

1. Split into four disjoint quadrants any region R; for wich Q(R) = FALSE.
2. When no further splitting is possible, merge any adjacent regions R; and Ry, for which Q(R; | JRy) = TRUE.

3. Stop when no further merging is possible

R4t | Ryo
& () (r) () ()
Ra3 | Ry

(b) Corresponding quadtree. R represents the entire image
region.

Ry Ry

(a) Partioned image

Figure 17: Quadtree example

10.5 Segmentation using morphological watersheds 5769
10.5.1 Background g7p9

The basic idea is to think of images as 3D landscapes. There are three kinds of points:
e Points belonging to a regional minimum.

e Points, where water would flow to a single minimum. These are called catchment basin.
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e Points, where water would be equally likely to fall to more than one such minimum. These are called
watershed lines.

Basic idea:
e In each basin a hole is punched
e The topological image is pushed into a full bathtub. The water rises uniformly in the different basing
e As soon as the water in different basins want to merge, a dam is build

e At the end only the dams are left. These are the watershed lines wich are connected boundaries segmenting
the image into different regions.

10.5.2 Dam Construction g772

e The easiest way to construct such a dam is using dilation

e When basins merge, then a dam needs to be constructed

10.5.3 Watershed segmentation algorithm 5774
e T'[n] is the set of coordinates flooded T[n] = (s,t)|g(s,t) <n

e The flooding goes in integers from n = min +1 to n = max +1

e The algorithm starts with C[min +1] = T[min +1]. This leads to Cpin +1(M;) for every minimum.
R
Clnl = U Cal0M)
i=1

e For every n until n = max +1, C[n] is created from C[n — 1].
Let Q[n] be the set of connected components in 7T'[n]|. For each connected component g, there are three
possibilities:
1. ¢ nC[n — 1] is empty.
i.e. a new basin was detected (was not there in C|N — 1]|) = simply incorporate into C[N].

2. ¢ n C[n — 1] contains one connected component of C[N — 1].
i.e. a basin was extended = simply incorporate into C[N].

3. ¢ n C[n — 1] contains more than one one connected component of C[N — 1].
i.e. basins want to merge = build a dam (or dams) by dilating ¢ n C[n — 1] with a 3 x 3 structuring
element of 1s and constraining the dilation to q..

10.6 The use of motion in segmentation 5773

If an object moves in a scene, it can easily be segmented from the background using its motion information.

10.6.1 Spatial Techniques g77g

For a sequence of images f(x,y, tx), a reference image R(z,y) is needed. Usually the first image is chosen: R(z,y) =
f(z,y,1). One can also use a IIR lowpass filtered image of all frames: Ri(z,y) = (1 — a)Ri_1(x,y) + af(z,y, k).
(using a small «)
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The accumulative difference image (ADI) is generated by comparing this reference image with every subsequent
image in the scene.

Ap(z,y) = Apa(z,y) + 1 if|R(z,y) — f(2, 9, k) > T
, Ag-1(z,9) otherwise
Puey) = 4 @) +1 i (R@y) = @,y k) > T
, Pp_1(z,y) otherwise
Ny(a.y) = 4 Ve @) +1 G (R, y) = fla,y, k) < =T
e Ni_1(z,y) otherwise

where Ag(x,y), Py(x,y),Y : Ng(z,y) are the absolute, positive and negative ADIs, after the kth image in the
sequence is encountered and 7' is threshold, e.g. 5% of the brightness.

10.6.2 Frequency Domain Techniques g7g9
11 Representation and Descriptionc;, 11 5796860

11.1 Representation 579

After the image segmentation, the boundaries need to be represented in a form, that is suitable for further
processing.

11.1.1 Boundary following 5796
The following algorithm is the moore boundary tracking algorithm.

1. Let the starting point, by be the uppermost, leftmost point in the image that is labeled 1. Denote by cg
the west neighbor of by clearly, ¢y is a background point. Examine the 8-neighbors of by, starting at ¢y and
procedding in a clockwise direction. Let b; denote the first neighor encountered whose value is 1, and let ¢;
be the (background) point immediately preceding b; in the sequence. Store the localtions of by and b; for
use in Step 5.

2. Let b=0b; and ¢ = ¢1

3. Let the 8-neighbors of b, starting at ¢ and proceeding in a clockwise direction, be denoted by ni,ns,...,ns.
Find the first n; labeled 1.

4. Let b =np and ¢ = np_1

5. Repeat Steps 3 and 4 until b = by and the next boundary point found is b;. The sequence of b points found
when the algorithm stops constitutes the set of ordered boundary points

c —T c ——J

1 1 1 1 <o bo 1 1 1 b 1 1 b 1

1 1 1 1 1 1 1 1

(a) Step 1 (b) Step 2 (c) Step 3 (d) Step 4 (e) Result

Figure 18: Boundary Following Algorithm

Of course this algorithm also works counter-clock-wise.
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11.1.2 Chain codes g79g

Chain codes are used to represent a boundary by a connected sequence of straight-line segments of specified length
and direction. The direction of each segment is coded using a number.

1 2 0

! N S
2(7\[4)0 47J?0 lj 0] 0"3

5 ) G 7 2 [ 2

(a) 4-directional (b) 8-directional (¢) Example

Figure 19: Direction numbers for chain codes

Cain codes are quite sensitive to small disturbances. If they are on the pixel grid, they tend to result in rather
long codes. Subsampling the boundary, i.e. going to a coarser grid results in a more robust and more efficient
code at the expense of representation accuracy.

The resulting code depends on the starting point, which is not desirable. An easy trick is to circumvent this, is
the convention to start at that point wich will result in a chain code that represents the smalles integer.

The representation can be made independent of rotation by using the first difference. For each segment, assume
the current direction is 0 and encode the direction of the next segment as before.
Example: Fig. 19c. black: chain code, red: first difference.

11.1.3 Polygonal approximation using Minimum perimeter polygon MPP ¢g(;

A boundary is represented by a polygon. The goal is to use as few segments as possible, while still capturing the
essential features of the boundary. There exist simple approximations which in practice are often good enough

N Y
( /
—1)
i |
——_/ L
y (
- [l N
/ \ \
~/ -y, \
/ |
- /
| =
1 \
\_// L/\\_J
(a) Object Boundary (b) Boundary enclodes by gray cells  (¢) Minimum perimeter polygon

Figure 20: MPP obtained by boundary shrinking

Minimum perimeter polygon MPP
1. Find all convex points (white dots) and concave points (black dots).

2. Mirror the concave points to their diagonal location in the outer wall.
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(a) Dark gray region resulting from (b) Convex (white) and concave (c) Concave vertices displaced to
enclosing the original boundary (black) vertices their diagonal mirror locations

Figure 21: MPP obtained by boundary shrinking

3. The orientation (cw or ccw) of a sequence of three points will be necessary. This replaces the convec concave
classification

a) a=(x1,91),b = (x2,92),c = (x3,3)

1 oy 1
b) A= T2 Y2 1

x3 ys 1
c) det(A) =

e > 0 if (a,b,c) is a counterclockwise sequence
e = ( if the points are collinear

e < 0if (a,b,c) is a clockwise sequence
4. For notational convenience let sgn{a,b,c) = det(A)

5. Names
e V, are found vertices of the MPP
e Vy is the next possible candidate
e Bc is a black vertex
e W is a white vertex

6. Vi lies to the positive side of the line through pair (Vz,, W), that is sgn(Vr, We, Vi) > 0. If this condition
holds, the next MPP vertex is W¢

7. Vi lies to the negative side of the line through pair (Vz, Bc), that is sgn(Vr, Be, Vi) < 0. If this condition
holds, the next MPP vertex is B¢.

8. Vi lies on the negative side of the line through pair (V7,, W) or is collinear with it, that is sgn(Vy, We, Vi) <
0. At the same time, Vi lies on the positive side of the line through (Vz,, B¢) or is collinear with it, that is
sgn(Vr, Vo, Vi) = 0. If this condition holds, the next candidate MPP vertex is Vi ; otherwise Bo = Vi

9. Continue with the next vertex in the list.
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11.1.4 Other Polygonal Approximation Approaches ggg7

Merging ggg7 Points on the boundary are merged and a line is fitted to these points. If the fitting error becomes
to large, a vertex is set and the procedure starts from the beginning. This approach is very simple, but there is
no guarantee for a good approximation. E.g. it does not set vertices at corners, but always a bit later.

Splitting gggg Here the idea is, to divide (split) a boundary segment until a threshold of an criterion is satisfied.
E.g. until the distances from the boundary to the approximated lines are below a certain number.
11.1.5 Signatures gggg

A signature is a 1D function that represents a boundary. This results in a significant complexity reduction. There
are several schemes:

e Find the centroid. The boundary is described as a function of the angle around this point.

— Rotational invariance: this can be achieved by selecting the point on the eigen axis that is farthest
from the centroid.

— Scaling invariance: this can be achieved by dividing the signature by its standard deviation.

r(6) r(0)

r NG
0N i e i;“

0 0
—> 0 x 3T ax —> 0 w 27
A A

[SEl
[NE

s
ol

(a) Signature of a circle (b) Signature of a square

Figure 22: Examples for signatures

11.1.6 Boundary segments gg1g

The convex hull H of an arbitrary set S is the smallest convex set containing S. The difference D = H — S is the
convex deficiency. Follow the contour of S and mark the spots where the contour makes a transition into or out
of D. These marking « (0...1) are relative to the total length of the contour D.

This is in theory invariant to:

e Rotation
e Translation
e Scaling

In practice, boundaries have some noise. Often smooting along the boundaries is used.

11.1.7 Skeletons ggq9
Medial axis transform (MAT)

e Every point in the region finds its closest boundary point.
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e If a point in the region has two closest boundary points, it belongs to the skeleton of the region.
e Direct implementation of this is computationally expensive.
Algorithms for efficient MAT iteratively delete boundary points subject to
1. keep end points
2. keep connectivity (note that morphological thinning does not account for this)
3. do not erode that region excessively

Thinning algorithm is 2 steps applied successively to border points

p9 | p2 | p3
p8 | pl | p4
p7 | p6 | pd

Step 1: south or east boundary points
Flag for deletion if all of these conditions are satisfied:

a) 2< N(P1) <6 with N(p1) =p2+ps+ ...+ pg

b) T(p1) = 1 where T'(p1) is the number of 0 — 1 transitions in the ordered sequence ps, ps, ..., ps, P9, P2

d

)
c) p2-ps-ps =0
) pa-ps-pg =0

The last conditions are satisfied simultaneously by the minimum set of values: (py = 0 or pg = 0) or (p2 =
0 and pg = 0)
After processing all boundary points, the marked ones are deleted

Step 2: north or west boundary points
Simultaneous to Step 1 except the new conditions ¢’ and d’

a

b

N(P1) <6 with N(p1) =p2 +ps + ... +pg

T(p1) = 1 where T'(p1) is the number of 0 — 1 transitions in the ordered sequence pa, ps, ..., ps, P9, P2

’

) 2
)

¢’) p2-pa-ps =0
)

d’) p2-ps-ps =0

11.2 Boundary Descriptors sgis

Having seen different representations of boundaries, the goal is now to develop descriptors for these boundaries.

11.2.1 Simple Descriptors ggi5
Length
e Number of pixels along a Boundary gives a rough approximation of its length

e 8-directional Chain Code numbers of vertical and horizontal components plus 4/2 times the number of
diagonal components, gives the exact length.
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Diameter of boundary B

Diam(B) = max [D(p;, pj)] Points on boundary: Di, Pj Distance measure: D
Zh]

Major axis The line connecting the two extreme points of the boundary is called the major axis of the boundary.

Minor axis The line perpendicular to the major axis and of such length that a box passing through the outer
four points of intersection ofthe boundary with the two axes completely encloses the boundary.

Eccentricity The ratio of the major to the minor axis is called the eccentricity of the boundary. This is a useful
descriptor.

Curvature This is the rate of change of the slope in the boundary. i.e. this is a second derivative. Note that the
curvature is often very noisy. It is therefore often applied to a polygon approximation.

11.2.2 Shape numbers ggiq

The shape number of a boundary (based on 4-directional code) is defined as the first difference of smalles magni-
tude.

The order n of a shape number is defined as the number of digits in its representation.

One way of aligning the chain code grid with the boundary is to use the basic rectangle box based on the major
and minor axes

11.2.3 Fourier descriptors gg1g

The coordinates of the boundary represents a complex sampled signal wich can be represented as a complex vector
s(k) = z(k) + jy(k) k=0,1,2,..., K —1
which can be analyzed in the frequency domain.

Note that the axis are changed:

l—W ]

X X

(a) Normal (b) for Fourier descriptors

Figure 23: Axes of image

The DFT of s(k) is

Fourier descriptors of the boundary: a(u) = s(k)e —g2muk/K u=0,1,2,..., K -1
k

0
K-1
2 alu ]27ruk:/K

u=0

. 1
Inverse Fourier transform: E
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Since the high frequency components are responsible for the fine detail, using only the first few Fourier descriptors

results in a smoothing of the boundary and image compression.
The reconstruction of the image is, when using the first P coefficients

1 B2l A
S(k) = = D, a(u)e /K
u=0

Basic properties of Fourier descriptors

Transformation Boundary Fourier Descriptor
Identity s(k) a(u)

Rotation s, (k) = s(k)e?? ar(u) = a(u)e’®
Translation si(k) = s(k) + Agy ar(u) = a(u) + Ayyd(u)
Scaling ss(k) = as(k) as(u) = aau)

Starting point sp(k) = s(k — ko) ap(u) = a(u)e I2mkou/K

11.2.4 Statistical moments ggoq

The boundary segment is rotated, so that it can be interpreted as a function of a single variable.

The amplitude of g() can be treated as a discrete random variable v and a amplitude histogram p(v;) can be
formed. From the histogram, the statistical moments can be calculated.

The statistical moments are:
e m or u1: Mean

e [9: Variance

=
L

m= Y vp(v)

T
1L

fin (V) (vi —m)"p(vi)

@
Il
=}

e u3: Skewness (this is a measure of asymmetry)

e 1y4: Kurtosis (peakedness)

If g() is normalized such that it represents a probability density function (pdf), i.e. it sums up to 1, the histogram

building can be skipped and g() can directly be analyzed by statistical moments.

11.3 Regional descriptors ggo-

11.3.1 Simple descriptors ggoo

e Area: Number of pixels

Circularity ratio Ro = £4

P

Perimeter: Lenght of boundary

Compactness: Perimeter? /area

e Mean, median, minimum, maximum of intensity

e Etc.

where A is the area of the region in question and P the length of its perimeter

J.Rast, G.Koppel, R.Nestler, H.Badertscher et. al

September 8, 2014



DigPro2 Summary 11 Representation and Description -y, 11 S796-860 29

11.3.2 Topological descriptors ggo3

Topological descriptors are descriptors that do not change under rubber-sheet distortions. No tearing, no folding
allowed.
The number of holes H and connected components C' in a figure can be used to define the Euler number £ = C—H

Figure 24: A region containing a polygonal network
In this example:

V=7 Q=11 F=2 =FE=-2

e Number of vertices V
e Number of edges Q

e Number of faces F
Euler proved that E=V —-Q+ F=C—-H

11.3.3 Texture S827

Smoothness, coarseness, regularity etc.
There are three basic approaches to describe texture:

Statistical approaches ggog

e Intensity histogram p(z;)

L-1 L—1
e Moment p,(2) = > (z; —m)"p(z;) and mean m = > z;p(z;)
i=0 i=0

e The variance 02(2) = po(2) is a measure of contrast, which can be used to establish descriptors of smoothness.

It should be normalized to 0...1 by dividing by (%)2 R(z)=1- m
L-1
e A measure for uniformity U(z) = >} p?(2;)
1=0
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L1
e Average entropy e(z) = — > p(z;)logy p(zi)
i=0

Note that e is zero for constant regions.

Relative positions Measures with only histograms have no information about the relative positions of pixels
with respect to each other. Thus, a () operator, that defines the positions of two pixels relative to each other, is
introduced. A co-occurrence matriz G is generated, whose elements g; ; are how many times a certain pixel pair

(2i, zj) appears.

12345678
12000110
1 D7 53 2 2 00/00/1 100
516125 301010000
8 8 681 2 400 10[1 000
4 34551 52 0/10/1000
8 7 8 7|6 2 6 13 000/001
78 626 2 7 00/001 10 2
8 10000221
Figure 25: Co-occurrence matrix G
n sum of elements in G
K size of co-occurrence matrix G (size: K x K)
9ij element of G
Pij = Gij/n estimate for probability of a pair (z;, 2;)
K K
my = >, 0 Y, Dij mean, computed along rows of G
i=1 j=1
% Tk
me = 2,7 2. Dij mean, computed along columns of G
=1 i=1
S K
02 = Y(i—my)* ) pjj variance, computed along rows of G
i—1 =1
K Tk
02 =Y (j—ms)?* > p;j variance, computed along columns of G
j=1 i=1
First, all probabilities p;; and the means m,., m. and variances 02,02 are calculated. Then, the following descriptors

can be calculated, if needed. Note that the correlation and the entropy are the most common descriptors.

Structural approaches gg3 Some texture can be described as a repetition of a simple primitive. For such
textures, a description based on rewriting rules is useful.

Spectral approaches gg37 Good for periodic patterns
The energy spectrum S(r, #) is analyzed in polar coordinates. It is analyzed for a fixed angle, Syp(r) and/or a fixed

radius S,.(). The advantage of this is, that these are 1D functions and therefore easier to deal with.
™

5(r) = 32 ()

Ro
S(6) = 3. $:(6)
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Descriptor Explanation Formula
Maximum probability ~Measures the strongest response of G. The range of values max(p;;)
is [0, 1]. ”
, o o s (i = ) (j = me)pis
Correlation A measure of how correlated a pixel is to its neighbor over Z Z ! J
the entire image. Range of values is 1 to —1, correspond- i=1;j=1 Iroe
ing to perfect positive or negative correlations.
K K
Contrast A measure of intensity contrast between a pixel and its Z 2(@ — j)2pij
neighbor over the entire image. The range of values is 0 i=1j=1
(when G is constant) to (K — 1)2.
K K
Uniformity (Energy) A measure of uniformity in the range [0,1]. Uniformity 2 Z pfj
is 1 for a constant image. i=1j=1
K K N
Homogeneity Measures the spatial closeness of the distribution of ele- Z L
ments in G to the diagonal. The range of values is [0, 1], i=1j=1 L+ i =l
with the maximum being achieved when G is a diagonal
matrix.
K K
Entropy Measures the randomness of the elements of G. The en- — 2 2 Dij logs pij
tropy is 0 when all p;;’s are 0 and is maximum when all i=1j=1

pij’s are equal. The maximum value is 2log, K.

11.3.4 Moment Invariants gg3g

A set of seven moments for a given image region can be generated as regional descriptors. They are intrinsically

invariant to translation, scale change, rotation and even mirroring except for a sign change.
M—1N-1
2D moments of order (p+q) mpg = >, >, 2Pyif(x,y)

M-1N-1
The central moments Ppg = >, >, (@ —=Z)P(y —9)?f(x,y) The seven invariant moments:
=0 y=0
T =10 gpnd g =20

moo moo
Normalized central moments 7, = % with v = pTJrq +1
00

®1 =20 + N2

¢ =(120 — 102)” + 40,

¢35 =(n30 — 3m2)* + (3n21 — n03)”

¢4 =(n30 + M2)* + (M21 + no3)*

¢5 =(n30 — 3m12) (130 + m2)[(ms0 + m2)* — 3(n21 + 103)*] + (3n21 — n03) (21 + 103)[3(n30 + m2)* — (M21 + 703)°]
(
(

o6 =(n20 — n02)[(M30 + Mm2)* — (21 + M03)?] + 4711 (N30 + M2) (21 + M03)
b7 =(3121 — n03) (130 + M2)[(M30 + Mm2)? — 3(n21 + 103)*] + (312 — 130) (M21 + M03) [3(M30 + M2)? — (N21 + M03)?]

11.4 Use of Principal Components for Description gg49

Principle component analysis (PCA) is a very general tool. It is applicable to boundaries and regions but also to
color images and multispectral images. A given pixel in a multispectral image with n spectral components can be
written as a vector containing these components. It is assumed that the components are random variables and
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hence these pixels are random vectors.

x1
Z2

In

1 K
mx:E{x}:?Zxk
k=1
1 K
Cx = E{(x —my)(x —my)T} = e kZ:l XpXE — mymy

Since the covariance matrix is real and symmetric, there exists a set of n orthonormal eigenvectors e; and corre-
sponding eigenvalues \;

Cei = )\iei

The eigenvectors can be arranged into a matrix A:

A =[el el ... ellT

Now A is used as a transformation matrix to map the vectors x into the vectors y. This is called the Hotelling
transform.

y = A(x — my)
Clearly, the mean vector of these new y vectors is zero my = E{y} =0

A1 0

Cy = ACLAT = A

0 An
The elements of the y vectors are uncorrelated! Cyx and Cy have the same eigenvalues.
The Hotelling transform can easily be inverted using the fact that because A is orthonormal, A=! = AT:

x:ATy—l—mx

If however a matrix Ay from the k eigenvectors with the largest k eigenvalues is formed, the reconstruction is
n
no longer exact, but has a mean square error of e,,s = >, A;, which decreases monotonically. Thus an image
j=k+1
compression is possible by using only k eigenvectors. The reconstructed image is then

X = Agyk + my

11.5 Relational Descriptors ggs5»

Rewriting Rules Example: Two primitive elements a and b are defined. They can be repetitively used to
describe staircases. Rewriting rules are defined as follows: S is the starting symbol, A is a variable. Now a
recursive definition can be made for describing the staircase.

il 1) start S — aA
b 2) repeat 1) A—bS
3) end A—b

Example: staircase and the used elements a and b

Now any staircase made up of as and b can be described by repeating these rules. E.g. (1,3) is a staircase a, b.
(1,2,1,3) is a,b,a,b , .. ..
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Directed line segments The idea is, that section of an image are described by directed line segments

e There needs to be a set of operations acting on the primitives, such that a region or a boundary can be
described

e The abstracted primitives need some specific primitives, which contain all directions

e A shape can now be described as a string of operations.

a+b*>/a ? aib:

a
a><b< axb<_>
b

(a) Abstracted Primitives (b) Operations among primitives

Figure 26: Primitives

Tree descriptors Information describing the meaning of a node and relating it to its neighbors can be stored in
trees. A texture may some times not be connected, then it can be described by trees.

Each tree has a unique node called the root $ and is made up of subtrees. All leaves of a tree are called the frontier
of the tree.

$

A
A\

f

b d

(a) Simple composite region (b) Tree representation

Figure 27: Tree descriptors

12 Object Recognitionc, 17 sgs1-907
e Recognition of individual image regions called object or pattern

e Concept of “learning” from sample patterns

12.1 Patterns and Pattern Classesc}, 12.1

e A pattern is an arrangement of descriptors (as in 11) in pattern classification called features.
e A pattern class is a set of patterns, denoted wy,ws, ...,wy W is the number of classes

e The goal is to assign a given patter into a class
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12.1.1 Vectors

e Used for quantitative descriptors
e every dimension contains the numerical value of a descriptor

T

)
o x=|. = (T1,22,...,Tp)

T
Tn
Example: Classifying flowers based on petal length and width into one of three classes.

12.1.2 Strings

Structural information can be captured in strings. Example Boundary Descriptors gg15
e Connectivity patterns (order is important)

e Compact description, better than sampling into a feature vector

12.1.3 Tree

If there is hierarchy then a descriptor which is based on a tree structure should be used.

12.2 Recognition Based on Decision Theoryc}, 122

Discriminant functions The core of decision theory d;(x) defined for each class w;. These are not known and
finding them is the main goal.

A class w; is selected if
di(x) > dj(x) i=1,2,--- W;j#i
The interesting parts are decision boundaries between classes
di(x) —d;j(x) =0
For two classes, a single discriminant function can be introduced
dij(x) = di(x) — dj(x) = 0

12.2.1 Matching S866

Each class is represented by prototypes. A vector x belongs to the class with the shortest distance.

Minimum distance classifier The mean vector of a class is a powerful prototype vector.

1
L X ) =1,2,...
I Nj x;] X J s 4y ) w
A simple matching function is the Euclidean distance (||a|| = (a”a)'/?)).
1/2
D;(x) =[x = my| = ((x = m,) (x — my))"
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The resulting discriminant function which is the largest, when the distance is the smallest.

1

The decision boundary between class w; and w; will be
dij(X) = dz(x) — dj(X)
(

1
m; —my) — o (m; —m;)" (m; + m;) =0

Which is a line through the midpoint of m; and m; for n = 2. For n = 3 its a plane and for n > 3 it’s a hyperplane.

=X

Matching by correlation ggg9 Calculate cross-correlation between a mask w(x,y) of size m x n and an image
f(z,y) to find the mask in the image.

cx,y) = ZZw(s,t)f(x + s,y +1)

This is sensitive to contrast and average intensity in f and w. Hence the normalized cross correlation is used.
Note f, is the average value of f in the region w.

S s, t) = 0] [f( + 5,5+ ) = fuy]
(L%l ) —aP S 5 [f@+ s,y +0) - Fu] '}

v(z,y) is always in range [—1, 1], where 41 is perfect match and -1 a perfect anti-match. This is sensitive to
scale and rotation. Often the square root is ignored and absolute values are used instead of squares to save
computational effort.

Y(z,y) =

12.2.2 Optimum Statistical Classifiers gg7o

A classifier which results in the lowest average risk of incorrect classification.

The probability that a pattern x comes from class wj; is the conditional probability p(w;|x). The loss that occurs
if a pattern x is put to class w; instead of w; is denoted as L;;.

The conditional average risk or loss is the average loss if x is assigned to class j:

Lijp(x|wy) P(wr)

M=

W
ri(x) = ) Lip(wlx) =

1
=1 p(x) /o

As p(x) is equal to all r; and assuming that the loss for every misclassification is equal (e.g. 1) this is simplified
to

rj(x) = p(x) — p(x|w;) P(w;)

Or written in the same form as before
dj(x) = p(xjwj)P(w;)  j=1,2,.... W

In order to estimate p(x|w;) and P(w;), one uses a Gaussian assumption. If N; is the number of pattern vectors
from class wj, the mean vector m; and the covariance matrix C; are calculated as

1 1 T T
mj:—Ex Cj:—Zxx —m;m;
N] XEOJJ‘ N] XEUJ]' ’
The decision function can then be written as
1 1 _
d;(x) = In P(wj) = 51 |Cy| = 5 | (x = m,)" €7 (x = m)) |
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12.2.3 Neural Networks gggo

Class of algorithms which find decision functions directly by training. Neural Netowrks (NN) make no Gaussian
assumption.

Perceptron for two pattern classes The perceptron learns a linear decision function that separates two linearly

separable training sets.
r] — W1
To — W2 \

Ty — Wnp

1 - wn+1

Figure 28: Perceptron model for two pattern classes

n
d(x) = Z W;T; + Wpy1
=1

If d(x) > 0, then the pattern belongs to wy, if d(x) < 0) it belongs to ws.

The function which maps the weighted sum of the input to the output is called activation function. In 28 a sign
function is used. For multilayer NN a sigmoid (30) is common.

The constant input of 1 allows an offset. A convenient notation is the augmented pattern vector, which allows to
handle the offset as if it was another input

Yi = T 1=1,2,....n
Ynt+1 =1
n+1

d(y) = Z wiy; = w'y
i=1

Training algorithms gggg Train the weights of the perceptron so that it can distinguish between classed, using
training sets. For linear separable classes, a simple, iterative algorithm is:

e Pattern vectors of the training set are presented repetitively, the weight vector is changed if a misclassification
happens.

e The training stops, when there are no more misclassifications.

for d(y) > 0 —> wy and d(y) < 0 — wo

if y(k) € wy and w? (k)y(k)

0
if y(k) € wy and w? (k)y(k) =0

VoA
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¢ is a positive correction increment. This algorithm converges in a finite number of steps for linearly separable
training data.
This is not possible for nonseparable classes. Hence minimizing the squared error is the target.

1
J(w) = 5(1" — wly)? r is the desired response and y the pattern vector

To minimize this we use the delta correction algorithm
Aw = ae(k)y(k)
Aw =w(k +1) —w(k) weighting change
e(k) = r(k) — w? (k)y(k) error
The change of the error becomes
Ae = —ae(k)y” (k)y(k)
= —ae(k)|ly(k)[]”

So « controls the speed of error reduction. For stability o must be smaller than 2. In practice « is picked below
1.

Multilayer feedforward neural networks gggg These allow for multiclass pattern recognition, also for non linear
separable classes. They are stacked banks of perceptrons with the sigmoid as activation function (30).

( T ()
ATASANS
e
SO

N
AAN

Layer J  Layer K  Layer P nodes
Ny nodes Npg nodes Np nodes

Lo

Class wq

Z2

Class wa

L3

Class wyy

Ty d

Figure 29: Multilayer feed forward network

If K is the layer preceding layer J then the input to the activation function of node j in layer J is the weighted
sum of the outputs of Layer K.

N
Ij = Z wjkOk
k=1
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F(xlfo =1)
1 £ ;
///— 1+67I/00
0.97/
P sig'(x) = sig(t)(1 — sig(t))
X

Figure 30: Sigmoid function

Training by back propagation Target is to minimize the total squared error between the desired responses 7,
and the actual response O, in the output layer @

Nq

1
Eq = ) Z(Tq - Oq)2
q=1

Back-Propagation is deriving the Error with respect to the weights

0Eq

Awgy = _aé’w
qp

Aw is the change in weight vector, a the correction increment, Eg the error and wy, the current weight vector

e A training vector is presented at the input and the desired response at the output
e For all nodes, the input and output values are calculated
e Starting at the output layer, the deltas are calculated and back propagated

e Now the weights are updated

ijk = Oé5j0]€
6; = (rj — O5)h5(I;) if layer J is the output Layer
NP
0j = h;- (1;) Z OpWip if layer J is an internal layer and layer P is the next layer
p=1

Since sig'(t) = sig(t)(1 — sig(t)) for y = 1 the derivative of the activation function becomes
Wi(I;) = O;(1 = 0y)
Some facts about NN

e Training with noisy data helps improving performance

e Training with more patterns also

Single layer perceptron results in hyperplanes

Two layers result in open or closed convex regions

Three layers result in arbitrary (limited by the number of nodes) regions

More than three layers are never needed
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12.3 Structural Methodsc, 123
12.3.1 Shape numbers

Remember that the order n of a shape number is the number of digits. This is clearly even for closed boundaries.

To match shape numbers, the degree of similarity k& between two shapes a and b is introduced. It is defined as the
largest order j, for which the shape numbers s; still coincide.

i(b) for j7=4,6,8,...,k
sj(a) # sj(b) for j=k+2,k+4,...

From this definition follows that

D(a,b) >0 D(a,b) =0 if a=0b D(a,c) < max[D(a,b), D(b,c)]

12.3.2 String Matching

Assume that two shapes a,b are coded into strings ajas...a, and b1bs...b,. Let a be the number of matches
where aj, = by. The number of symbols that do not match is 5 = max]|al, |b|]] — «

A simple measure of similarity between a and b is now

(@ [0
R = — =
g maxflal, [bo]] — o

R is 0 for no match at all, and is oo for the perfect match. Of course it is important that the strings are aligned.
Otherwise, one string must be shifted circularly and R is calculated at each position. The largest R now represents
the best match.
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